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1. Introduction

Social security is a pillar of the welfare states@veral developed countries, and is essentially based
on pay-as-you-go (PAYG) public pensions, i.e. current workEmnce pensions to current
pensioners. The fertility crisis that has affected aw@ed still affects a lot of countries around the
world (e.g., Germany, Italy, Japan and Spain) is threagehie viability of public pension budgets,
as the number of young contributors is steadily fallimgl #he number of old beneficiaries is
steadily rising (due to also the reduced adult mortalidgtivated by the thrift of both ageing and
below-replacement fertility on the existence of Widespread PAYG systems, pension reforms are
currently high on the political agendas of many governmesspecially in Europe (see, e.g., Boeri
et al., 2001, 2002; Blinder and Krueger, 2004).

As a remedy against the potential negative effddtsedfertility crisis on PAYG pensions, it has
been suggested, amongst other things, to incentive fandidg|ve more children in order to
increase the ratio of economically active to total pafmn, for instance through the public
provision of child allowances (van Groezen et al, 2003; @aoezen and Meijdam, 2008).
Moreover, linking the size of the pension arrangememived when by the old-aged to the number
of children raised when young may be another interegtstgument that might be used to promote
the fertility recovery as well as for optimality pages (see, Kolmar, 1997; Abio et al, 2004; Fenge
and Meier, 2005, 2009; Cigno and Werding, 2007).

As policy implications, although fertility-relatedrsons were already present in some pension
systems, many economists and policy makers argued for a furthensien’ often with very

elaborated proposats.

Y In the words of Cigno (2007, p. 39) “examples of this arenthration de duree d’assurance pour enfantshe
FrenchRegime Generaknd the Swedislextrapension for barnln 1986, the German government starteediting
parents who withdraw from the labounarket to look after a child with a notional pensicontribution,

Kindererziehungszeiteroriginally setat 75 percent of average earnings, for up to yeer. Later, this notional



As regards the important issue of deterministicriass cycles in competitive economy, the idea
that cyclical behaviours can occur in OLG models eveh werfect foresight is well known in
literature (Grandmont, 1985), in particular in the neodasgrowth OLG model in both the many-
goods (Benhabib and Nishimura, 1979) and one-good economies (Fa@®&6r Reichlin, 1986),
but this crucially requires that production factors mustdbatively complement (i.e. the elasticity
of capital-labour substitution must be lower than tbatthe Cobb-Douglas technology) and
consumption and leisure must be gross substitute. Moreeithrmyopic foresight, the steady state
may be oscillatory and exhibit deterministic complegley (Michel and de la Croix, 2000, de la
Croix and Michel, 2002; Fanti and Spataro, 2008), but only prdvithat the inter-temporal
elasticity of substitution in the utility function tEgher than unity (i.e., higher than in the case of
Cobb-Douglas preferences).

While a growing body of literature on the relatioipsbetween pensions, fertility, longevity and
economic growth has been developed in the last decadessergst many others, Zhang et al.,
2001, 2003; Pecchenino and Pollard, 2005), less attention hapdideto the dynamical effects of
public PAYG pensions in an economy with overlapping genemati®LG) and endogenous

fertility, in particular in the case of fertility-leted PAYG schemes.

contribution was raised tb00 percent of average earnings, and extendddrée years. Since 1996, however, the
condition thatthe parent should actually give up work in orderqt@lify for the benefit has been removed, and
Kindererziehungszeitdms become a fertility-related pension benefit justtlieeFrench and Swedish ones.”

2 For instance Sinn (2007, p. 10) argues that the curreiityferelated element in the pension formula for Ganyis
too low: “The pension system in Germany provides satiefifor mothers who raise an additional child and werk t
years after the birth. They receive, in terms ofentr value, 11,000 Euros as an additional pension. Thiese to
nothing.”

% Only for reference to one of the most authoritatigfenm proposals, we cite Cigno et al. (2003) that claims an
effective policy is to introduce pension benefits continigm the total (or potential rather than actual bezawyen the
children may want to withdraw from the labour marketa certain time period to raise children) earningacity of

the pensioner’s own children (see also Cigno, 200h&Ca&nd Werding, 2007).
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The aim of this paper is to provide a deeper undersiquadithe stability effects of public PAYG
pensions in a textbook OLG economy (e.g. Diamond, 1965) venglity is endogenous and utility
and production functions are Cobb-Douglas. It is showwlen individuals are short-sighted, the
introduction of a fertility-related component in the gendormula may have dramatic destabilising
effects and deterministic chaos appears even for veal-sized PAYG schemes. In such a case, in
fact, the negative effect of public pensions on captabmulation is higher than in the case of a
pure PAYG scheme, due to the role played by both therprefes for children and preference for
future consumption, which, on the contrary, do not playrafg in the absence of fertility-related
elements in the pension formula. Fertility-related pmmsi therefore, act as an economic de-
stabiliser in overlapping generations economies.

The contribute of this paper to the literature igfoM: (i) it investigates the dynamical properties
— so far, to the best of our knowledge, neglected — acdcamomy with a fertility-related public
pension, notwithstanding the fact that the latter iseey debated issueji) it shows a novel
determinant (i.e. a fertility-related public pension) ofedministic economic (regular as well as
chaotic) cycles, which emerge even with both Cobb-Dssugtility and production functions.

The policy implications of the paper’s findings aleac. to the extent that developed countries
show, rather plausibly, low preference for children arghhreference for future consumption
(with myopic foresight), the often advocated refdonsuch countries of introducing (or extending)
a fertility related element in the public pension formutay destabilise the economy and be
responsible of chaotic economic fluctuations.

The remainder of the paper is organised as followsedtion 2 we develop the model. In section

3 the dynamical features are analysed and discusseahrSécioncludes.

2. The modd

2.1. Government



The government redistributes across generations witfi@®&ansfers from the young to the old
that are partially or totally linked to the number of drein raised when young. At time therefore,
current workers finance pensions to current pensionetdsthenfertility-related pay-as-you-go (FR-
PAYG henceforth) pension accounting rule in per worgans reads as

p=6w f1-wn, +an_], (1)
the left-hand side |,) being the pension expenditure and the right-hand thieléax receipts. In
particular,w, is the wage earned by the young workers at tim@< 8 <1 is the fixed contribution

rate and0< « <1 is a weighting parameter of the different distribatroles for total contribution
to PAYG pensions. In particular, it measures the impogaof the individual number of children
relative to the average number of children in the PAYGtem (see, for instance, Kolmar, 1997;
Abio et al., 2004; Fenge and Meier, 2005, 2009; Fenge and vonabkers2010). The polar cases
=0 and =1 imply a pure PAYG scheme and a PAYG scheme totalked to individual
fertility, respectively. Therefore, Eq. (1) showst at timet PAYG pensions depend oi) the

individual rate of fertility,n_,, at timet —1 with a sharex. of the contribution, andij the average
rate of fertility in the whole economyj,_,, at timet -1 with a sharel-« of the contribution.

Following Fenge and Meier (2005, p. 34), we defmepolicy variable “the child factor”.

2.2. Individuals

Consider a general equilibrium OLG closed economgutated by identical individuals. Life is
divided into childhood and adulthood. In the formeriod each individual does not make economic
decisions. In the latter period she works and belaitdren when young and she is retired when old.
Only young individuals (of measui,) join the workforce. They are endowed with onet wri
time supplied inelastically on the labour marketjiles receiving a unitary wage income at the
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competitive ratew,. This income is used to consume, to save, to bei#dren and to finance

material consumption of the elderly through thelppuypension scheme Eq. (1). Raising children is
costly, and the amount of resources that parergd teetake care of them is given by a monetary

cost qw, per child, withO<qg< 1being the percentage of child-rearing cost on workncome’

Therefore, the budget constraint faced by an idd&i of the young (child bearing) generatiort at

reads as:
C.e +§ +awn = w(L-6), (2)
l.e. wage income — net of contributions paid toigfar resources from work time to retirement time
— is divided into material consumption when youmyg,, savings,s, and the cost of bearing
children, qw,n, .
Old individuals are retired and live with them@unt of resources saved when young plus the
expected interests accrued at the ndte and the expected public pension bengfit... At time
t +1, therefore, the budget constraint of an old rdtperson started working atis:
Coron = (L+1%)5 + OWin [({1- )t + wn], (3)
i.e. material consumption when old,,.,, is the sum of private savings plus the expeategtest
and the expected public pension benefit.
Each adult individual of generatiandraws utility from young-aged consumptioq (), old-aged
consumption ¢,,,,) and the number of children she wishes to raigg.(Assuming logarithmic

preferences, the representative individual entetivegworking period at solves the following

problem:

* This child cost structure is similar to that adopteddongst many others, Wigger (1999) and Boldrin and Jones
(2002).
> This treatment of the rate of fertility in the ugjlfunction is rather usual, (see, e.g., Eckstein angWo1985; Galor

and Weil, 1996; van Groezen et al., 2003; van Groezen aijdivte 2008).
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rna')({cl,t ,cz,m,nt} Ut (Clt 1C2,t+11 nt ) = ln( t)+ lgln(cz,tﬂ) + (ﬂln(nt )’ (4)
subject to Eqgs. (2) and (3), whefe< 5 < islthe subjective discount factor or, alternagiyehe
individual relative degree of thriftiness, afick ¢ < cdptures the parents’ taste for children.

The first order conditions for an interior Sadm are given by:

Geag 2q4re,, (5)
G B
%t (= qu - wo W ©)

n

Eq. (5) equates the marginal rate of substitutietwben working period consumption and
retirement period consumption to their relativecesi (i.e. the expected interest rate determined on
the capital market). Eq. (6) equates the margiaté of substitution between working period
consumption and the number of children to the ebqueenarginal cost of raising an extra child.
This cost is given by the difference between thanetary cost of bearing an additional child and
the present value of the expected pension benefghted by the child factor. The higher the child
factor, the lower the expected net marginal costagfing an extra child. It =0 (pure PAYG
pensions), the cost of child rearing is only deteet as a share of the working income. In contrast,
if 0<a <1 (FR-PAYG pensions), a positive inter-generaticefédct exists that causes a reduction
in the gross monetary cost of children due to tighdr benefit received by each pensioner, i.e.
individuals want to substitute young-aged consuomptvith children.

Now, combining Egs. (5) and (6) with the indwal lifetime budget constraint gives the demand

for children and the saving rate, respectively:

n = ¢Wt(l_9) — ’ 7)
(L+ B+ gaw - [+ Blw+ gl
1+r1%a
- V\/et+1
%7 Wt(l 9) W1 {,qut _(,BCU+§0)91+ rem] ©)

(1+ B+ @law -[1+ Blw+ g6

1+r%4a



Eqg. (7) determines the individual number of chifdne a partial equilibrium context. A rise in the
child factor causes a positive inter-generatiorf&ce that reduces the marginal cost of child

bearing and thus increases fertilityn(/dw> ).@Eq. (8), instead, determines the saving rate in

partial equilibrium context. It reveals that theldthactor plays a twofold counterbalancing rola} (

it reduces the saving rate because individuals exjlect a higher pension benefit as long as the
number of their descendant raises (i.e. the negaffect given by the expectguiblic pension
component- the second term in square brackets of Eq. &reases, while keeping timgivate
saving componeninaffected — the first term in square bracketE@f8)° and p) it increases the
saving rate since a higher child factor makes moo&venient to substitute young-aged
consumption with children at time (i.e. reduces the denominator of Eq. 8). Howetlsz, final

(partial equilibrium) effect of a rise in the childctor on savings is negativeq/ow< ),&hat is

the positive saving-effecb) is always dominated by the negative saving-effact

2.3. Firms

Firms are identical and act competitively on thekea Aggregate production at tinte(Y; ) takes
place by combining capitalK,) and labour [, =N, in equilibrium) according to the constant
returns to scale Cobb-Douglas technology= AK,“L,"", where A>0 is a scale parameter and
O<a <1 is the output elasticity of capital. Definink) := K, /N, and y, :=Y,/N, as capital and
output per worker, respectively, the intensive foproduction function may be written as

y, = Ak”. Assuming total depreciation of capital at the eficeach period and normalising the

® We denoted the second term in square brackets of Eas (BE expectepublic pension componeand the first term
in square brackets of Eq. 8 as fhivate saving componephly for expository purposes.

" The proof is not presented for economy of space, sibftcourse available on request.
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price of final output to unity, profit maximisatiamplies that factor inputs are paid their marginal

products, that is:
r=aAk’" -1, (9)

w, = (L-a)Ak” . (10)

2.4. Equilibrium

Given the government budget Eg. (1) and knowingt thapulation evolves according to

N.,; = nN,, market-clearing in goods and capital marketssessed (in per worker terms) as

NK. =S - (11)
From Eq. (11), and recalling the analysis of E@3.dnd (8) in section 2.2, we observe that the
existence of a fertility-related component in thEYS system Q< « <1) negatively affects capital
accumulation per worker since, on the one sidacreases the fertility rate and, on the other,side
decreases the saving rate.
More in details, using Egs. (7) and (8) to stilt® out forn, and s, respectively, equilibrium
implies:

_ Pw+ Py Wi
@ 1+r%a’

_B 12
K ¢qw (12)

Eq. (12) shows that the equilibrium stock of cdpttat +1 is determined as the difference between
the private saving component and the expected ppblsion component &t both divided by the

taste or children. The former (the first addendumtloe right-hand side of Eq. 12) exclusively
depends on the willingness to save out of wagenmece given the assumption of Cobb-Douglas
preferences. The latter (the second addendum omighehand side of Eq. 12) depends on the

expected values of both the wage and interest.rates



The existence of a fertility-related componienthe PAYG system@< « <1) has two important
effects on capital accumulation: first, it makes tnowding out effect of public pensions on private
savings much stronger than the case of pure PAYiGiges ¢ =0); second, it makes both the
individual degree of thriftinessf) and parents’ taste for childreig ) as potential destabilising
parameters. In fact, a rise both in degree of pasy and love for children increases the positive
private saving component and the negative publnsip& component and, hence, its final effect on
capital accumulation may be ambiguous.

As known, it is usual in the dynamical analyse®LG models (see e.g., de la Croix and Michel,
2002) to investigate how the path of capital acclabtmn evolves depending on whether individuals
have either perfect or myopic expectations abaibfaprices.

However, before starting out with the analysfishe dynamics of the model, some clarifications
about the assumption that an individual can cholosesize of her pension by choosing the number
of children she will have, are in order. We notattim these models individuals are assumed to be
atomistic and thus they do not take into accouatrttie of fertility of the other people, as is clea
from the assumptions implicit in the pension foran&dg. (1). This means that the individuals are
unable to coordinate their fertility decisions. @thise, the individuals should be, broadly
speaking, “ultra-rational’, which would be an unakassumption in literature and, according to
Cigno (1995, p. 171), “clearly unrealistic’. Moremy the relaxation of the atomistic individual's
assumption (that is, individuals are able to cawt# their choices as regards their descendants)
would mean that the pure PAYG scheme would alwaysolp construction, equal to a FR scheme
(see, Cigno, 1995, p. 171).

As a consequence of the atomistic assumptiomtoch this class of models is grounded, we may
conjecture that the myopic foresight assumption tmayather natural, in that if the coordination
between individuals at the current time is lackitigen it seems to be a rather strong hypothesis to

imagine that future fertility behaviour will be pectly foresee, and, hence, it does not only



represent a special case. However, for the sakempleteness, below we study the dynamics of

the economy in the cases of both perfect and myexpectations.
2.4.1. Perfect foresight

With perfect foresight, the expected interest ardjevrates depend on the future value of the per
worker stock of capital, that is

{1+ re = aAk,, "™ (13

W = (1-a)AK,,"

Combining Egs. (9), (10), (12) and (13), thenaiyic equilibrium sequence of capital can be

written as

___agpall-a)A .
g oh-alBwre o

Steady-state impliek ,, =k, =k’, so that:

. qBa(l-a)A =
‘ _[awe(l-a)(ﬁww)} | 4o

2.4.2. Myopic foresight

With myopic foresight, the expected interest ang@eveates depend on the current value of the per

worker stock of capital, that is

{1+ [ = Ak ™ (16)

W = (1-a)AK”

10



Combining Egs. (9), (10), (12) and (16), th@aiyic path of capital accumulation is now given
by:

ko=t dli-a)ak” -o LETEAT (17)

While the steady-state is still determined by Hé&.)(the dynamics of myopic and perfect foresight
are very different, as a simple comparison betwiegs (14) and (17) reveals (see also Michel and
de la Croix, 2000).

Despite Eq. (17) is a simple first order nareér difference equation, the dynamics of capital
generated by such an equation may be highly n@aidiand, in particular, endogenous fluctuations
may emerge. The local stability properties of aldelCobb-Douglas economy with endogenous

fertility, FR-PAYG pensions and myopic expectatiane analysed in the next sectfon.

3. Local stability with myopic expectations

In this section we wish to investigate the detershimdynamics defined by Eq. (17) near the steady
state and assess the presence of possible locaemuils deterministic fluctuations.

From Egs. (15) and (17), the following propasitholds:

Proposition 1. In a double Cobb-Douglas OLG economy with endogerfedtility, FR-PAYG

pensions and short-sighted individuals, the dynarafacapital is the following.

(1) LetO<a <a, hold. Thend< 8 <1, and:

(1.1) if 0< @< @, the dynamics of capital is monotonic and convergek” ;

® The (local) stability properties of an economy with perfforesight is briefly presented in Appendix. Differewiir
the case of myopic expectation, in the case of ratierpéctations (apart from the criticism discussed abthe)

economy does not exhibit any interesting dynamical feature
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(1.2) if <8< 8, the dynamics of capital is oscillatory and comest tok” ;
(1.3) if #=4, aflip bifurcation emerges;

(1.4) if 8 <@ <1, the dynamics of capital is oscillatory and divengtok” .

(2) Leta, <a <a, hold. Thend<1, 8 >1, and:
(2.1) if 0< @< 4, the dynamics of capital is monotonic and convergek” ;

(2.2) if @< 8 <1, the dynamics of capital is oscillatory and coment tok” .

(3) Leta, <a <1 hold. Thend >8>1, and the dynamics of capital is monotonic and eogent

to k™ forany0<6<1,

where
6=6a.p.p.w)= (:;)2 Dﬂafl p (18)

0 =0(a.p.pw):= C(’l(f:)’) Dﬁai ¢=Qd%, (19)

0, = a,(B,0,0)= ﬁiw[ﬁm o-JABw+d)|, V2<a,<1, (20)

a, = a,(B,0,0)= zﬁiw[zﬁm 39 JdBBw+99)|, 13<a,<a,. 1)

Proof. Differentiating Eq. (17) with respect ¢ and using Eq. (15) gives:

akt+1

_g-glaf Bore (22)
ok,

ke=k" a @

Monotonic and non-monotonic dynamics
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N L >
From Eq. (22), the condltlona? - ZO implies
(1—0')2 DBa)+ Q> <
a-6 —0- 6-6, (23)
a p < >

where @ = @ (defined by Eg. 18) represents the value of therdmution rate below (beyond) which
the dynamics of capital is monotonic (non-monotpnin particular, §<1 (€>1) for any

O<a<a, (a,<a<1). Moreover,d<1 ifand only if a <a, and a > a,, wherea, is defined by
Eq. (20) anda, = a,(8,¢ w) ::’Biw[ﬁw+ o+ A Bw+ goi]. Sincel/2<a, < landa, > 1for any

B, ¢ and0<« <1, then the case > a, can be ruled out.

OKig
K

Now,
0

e <lgives

2
g-oU-af pore 4 o a g @ (24)
a @ l-a fwte

Therefore, in the case of monotonic dynamics tlmmemy always converges to the stationary state

irrespective of the size of the pension system,Oisea‘;<t+1 o <lforany0<g<1.

Non-monotonic dynamics: stability analysis

The conditionakt+1 iy -1 implies:
akt =k <

Y
a-ol a") DB“;W’;—l:e;?, (25)

where =6 > 8 (defined by Eq. 19) is the flip bifurcation valoé&the contribution rate, i.e. the

threshold value o8 below (beyond) which the steady state is stabist@ble). In particulard <1
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(@ >1) foranyO<a <a, (a,<a <1). Moreover,d <1 if and only if & <a, and @ >a,, where
a, is defined by Eq. (21)q, = a4(,8,¢),w)::2’%w[2,8w+ 3p+ . /d8Bw+ 9(05] and a, <a,. Since

1/3<a,<a, anda, > 1for any 5, ¢ and0< a <1, then the case > a, can be ruled out.

Therefore,

(i) f O<a<a, then 9<6<1 and (.1 O<aakl21

- <1 for any 0<@<8@, (1.2

—1<% . =-lifandonlyif =8, and (.4

n akt+1
- <0 forany8<6<6, (1.3 W

OKiiy
oK,

e < -1 for any @ <8 <1. This proves point (1);

(i) if a,<a<a, thend<1, 8>1 and @.1) O<% . <1lforany0<@<@,and .2
3 1 akt ke=k

_ akt+1
1< «

_ <0 foranyg<6<1. This proves point (2);

_ <1 for any 0<@<1. This proves point

(iii) if a,<a<1thend>8>1 and0<_aak£1 k{

(3). Q.E.D.

Proposition 1 can easily be interpreted as follothe: stock of capital installed at tintet1 is
determined as the saving rate divided by the nurabehildren at timet (see Egs. 7, 8 and 11).
Therefore, the accumulation of capital dependsifi@rdnce between the private saving component
and the public pension component, both dividedhaytaste for children (see Eq. 12). With Cobb-

Douglas utility, the private saving component esalaly depends on the marginal willingness to
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save out of wage income, and reflects the poskiffect on capital accumulation of a higher

working income following a rise irk, . In contrast, the public pension component depemdisoth

the expected pension benefit and the expectecestiteasite, and reflects the negative (crowding out)

effect on capital accumulation following a risekn If the private saving component dominates (is

dominated by) the public pension component, theadyos of capital is monotonic (non-
monotonic). When production is relatively laboureated and the contribution rate is low enough,
the private saving component dominates and thuslghamics of the economy is monotonic and
the steady state is always stable, i.e., the deecahddle node bifurcation can never occur. Ainse
the contribution rate increases the relative weighthe public pension component and a non-
monotonic unstable dynamics emerges in that casecohtrast, when production is relatively
capital-oriented the dynamics is always monotame&spective of the size of the PAYG system.

We now perform a sensitivity analysis of thdical values of the contribution rate which
discriminates between monotonic and non-monotogicachics (see Eg. 18), as well as between
non-monotonic stable and unstable dynamics (sed®gn the cases of both FR-PAYG pensions
(0<a <1) and pure PAYG ¢ =0) pensions.

Analysis of Eqgs. (18) and (19) gives the foliogvproposition:

Proposition 2. The risk of cyclical instability in an economywiR-PAYG pensions is higher than
with pure PAYG pensions. A rise in the distributtepital share ¢r) monotonically reduces the
risk of cyclical instability irrespective of the q@on scheme. Moreover, while with pure PAYG
pensions a change in the individual degree oftiness (), and/or in the taste for childrery() is
neutral for stability, with FR-PAYG pensions a risghe child factor & ), and/or in the individual
degree of thriftiness as well as a reduction in thste for children increases the risk of cyclical

instability.

15



Proof. First, in the case of pure PAYG pensions=0) Eq. (18) becomes = 8(a):=

(i.e., the value of the contribution rate whichadisiinates between monotonic and non-monotonic
dynamics is independent of both the subjective adist factor and taste for children), so that
Q(a)<1 (Q(a)>1) for any 0<a<1/2 (1/2<a<1). Therefore, with FR-PAYG pensions
(0< a £1) the width of the parametric region in the speéaee) where non-monotonic dynamics
are possible is larger than the corresponding negith pure PAYG pensions(=0). This means

that when0< « <1, the thresholdd(a, 8,¢,w) can be smaller than unity even whit2 < <1.
Second, in the case of pure PAYG pensians-0) Eq. (19) become# =8(a) = Q(a)DHTa (i.e.,

the flip bifurcation value of the contribution rai® independent of both the subjective discount
factor and taste for children), so th&f{a)<1 (8(a)>1) for any 0<a<1/3 (1/3<a <1).
Therefore, with FR-PAYG pension® € « <1) the width of the parametric region in the space
(a,e) where non-monotonic unstable dynamics are passhlarger than the corresponding region
with pure PAYG pensions« =0). This means that whef<« <1, the flip bifurcation value
8(a,B,¢,w) can be smaller than unity even wheB < o <1.

Moreover, from Eq. (19) we get:

08 _  ¢l1+3a)
d0a  (1-af(fw+q)

>0, (26)

foranyO<a <1, and

08 __ al+a)p

0w (1-af(Bw+ef

<0, (27)

00 __  a(l+a)ew <0, (28)

8 (-af(Bwrdf

06 _  a(l+a)fw >0, (29)

o0p (1-af(Bw+ef

foranyO<a <1.Q.E.D.
16



Figures 1 and 2 illustrate Proposition 2 anthjgare the parametric regions in the spéwa?)
that describe the (stable) monotonic and (staldeusastable) non-monotonic dynamics in the cases
of pure PAYG pensions (Figure 1) and FR-PAYG pemsi@Figure 2). It is clearly shown that
while in a pure PAYG context cyclical instabilityises only whera <1/3, in a FR-PAYG context
the cyclical unstable region in the spa(oee) is larger because of the destabilising effecayexd

by the child factor, the individual degree of ttinéss and the taste for children.

Cvelical instability (1"'['“[‘5'”]
stability,

Monotonic stability

0 1/3 1/2 it

Figure 1. Casea =0 (pure PAYG pensions). Stability and instabilitgians in the spacéa,e).
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Cwviélical
stability

Cwvelical instability

Monotonic stability

() 1/3 rry ] o

Figure2. Case0< « <1 (FR-PAYG pensions). Stability and instability regs in the spacéz,6).

Table 1. Parametric regions of cyclical instabilit® €  <1) under different PAYG systems.

Pure PAYG ¢ =0) Mixed FR-PAYG 0<« <1) Pure FR-PAYG & =1)

O<a<1/3 O<a<a,(B.pw) O<a<ay(B.¢l)

Table 1 summarises, for three different public PA¥&emes, the threshold values of the output
elasticity of capital below which cyclically instdity may emerge depending on the size of the
pension system. Since,(8,91)> a,(8,¢.w)>1/3, it is evident that persistent cycles more likely
occurs when the weight of individual fertility iheg PAYG system is high.

Moreover, from Proposition 2 we may derive fbowing results as regards the effects of the

preference parametérsn the stability of the economy:

° It is worth noting that different parameter values rbay broadly speaking, correlated with a different level of
economic development. For instandg:tlle so-called more and more selfish lifestyle ineflgved countries has been
retained a reason for a reduced “love” for having childserthat the taste for children might be lower in devet

rather than developing and underdeveloped countiig¢st is well known that economic growth comes handhamd
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Result 1. To the extent that fertility is low because thef@mence for children is low (e.g. developed
countries), the introduction of FR-PAYG pensiofs<( <1) generates a higher risk of cyclical
instability than when fertility is high because tpeeference for children is high (e.g. under-

developed or developing countries).

Result 2. To the extent that the degree of thriftiness ishHigcause the financial education of
individuals is high (e.g. developed countries), ifteoduction of FR-PAYG pension® €« <1)
generates a higher risk of cyclical instability thavhen the degree of thriftiness is low because the

financial education of individuals is low (e.g. @mdleveloped or developing countries).

Results 1 and 2 lead to a rather paradoxical pafitact. First, since the introduction of FR-PAYG
pensions is essentially advocated in economies ‘ewh fertility in order to overcome the
sustainability issue of the widespread public PASYStems, our results imply that in economies
where the taste for children is relatively low, thstability risk, induced by a pension reform that
links the benefit received when old to the numbechaldren raised when young, is high. This
result holds because a reduction in the tastehitdren increases fertility, reduces savings arsl th
in turn, increases the negative weight of the pupknsion component in capital accumulation,
while keeping the private component unaffected Bge22) and thus contributes to destabilise the
economy. The causal chain of this result is thdofahg: (i) below-replacement fertility in
developed countries is one of the most importanses for several economists and policymakers to
suggest the introduction of fertility-related pems; (i) one of the reasons why fertility is too low

in industrialised countries is that the preferefocehaving children is ¢) is too low. Since fertility-

with the financial development and that the latter, togretvith the corresponding financial education, works for a
higher evaluation of future consumption, so that the subgedtscount factor might be higher in developed rathan t

developing and underdeveloped countries.
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related pensions are introduced essentially ashaulsts for the fertility recovery and, hence, to
keep public pension budget sustainable over titmen the rather surprising result shown in this
paper is that the destabilisation of the econondyeed by FR-PAYG public pensions becomes a
plausible scenario for several economies, as shiowre numerical example in the next section.
Second, another paradoxical result can be e@@bout the effect of the parameter that describes
the financial education of individuals when FR-PAY€nsions exist. A rise in subjective discount
factor, in fact, means that individuals wish to stoconsumption over the retirement period and,
hence, save more when young. This apparently causesbilising effect. However, the analysis of
the local stability properties of the steady staeeals thatf is neutral on the private saving
component while increases the weight of the crogwbut effect of the public pension component,
and thus acts as a destabilising device. Therefare, country where the individual degree of
thriftiness is high because the financial educatisnhigh (e.g. developed countries which,
unfortunately, are those most plagued by under-latipn and then prone to consider FR pension
reforms), the introduction of a FR-PAYG scheme rmayse unstable cycles and, as shown in the

next section, even chaotic motions.

3.1. Chaotic dynamics: a numerical experiment

We are now interested in showing the possible eemegy of deterministic chaos in the double

Cobb-Douglas economy with FR-PAYG pensions preseabeve.

We take the following parameter set (only filwsirative purposes)A=10, a = 030 (as is

usually assumed in the economic literatui); @66e Zamac, 2007}, = 00% = 015. The
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values of¢g and g are “calibrated” such that the corresponding ligrtiate are close to the current
below-replacement level observed in several deezl@puntries?

In Figures 3-5 we depict the bifurcation diagsd for the paramete® (which lies on the
horizontal axis), with respect to three differeatues of the child factor«), respectively, that is
pure PAYG pensionsg =0), mixed FR-PAYG pensionsi(= 050) and pure FR-PAYG pensions
(« =1).*2 The vertical axis shows the limit points of theiigrium sequence of capitak” . When
the contribution rate is relatively low a uniqueniti point exists. When the contribution rate raiges
period doubling bifurcation emerges. Larger PAYGngens imply that period doubling
bifurcations appear more and more rapidly, thusging the economy into the chaotic regidn.

More in detail, these diagrams are best undedsif we start from the value d#=0 (i.e. an
economy without social security) and then move tolwdnigher values of the contribution rate.

Let us compare the polar cases of pure PAYG aune FR-PAYG schemes, respectively.
Initially, the equilibrium point is stable for bodthemes. As the contribution rate raises, such a
point becomes unstable fé= 0.0612 (resp.d = 0.7959). The diagrams show that the emerging 2-

period cycle is stabl¥.

19 With the parameter set used above, in fact, the fdondertility rate is about 0.72 (i.e. 1.42 children fack couple)
(when @ = 016 and & =1), which is fairly close to that observed in severakttgyed countries.

1 We use only such a graphical tool for a pictorialwiEf possible chaotic dynamic behaviours without erkibarin
more sophisticated analyses (e.g. Lyapunov’'s exponentf)dailetection of chaos, given the economical ratnem t
mathematical motivation of the paper.

2 Numerical simulations are performed by usk}g: 010 as the initial value of the stock of capital.

13 For a deeper understanding of the period-doubling routesinscsee, e.g., Devaney (2003).
14 As is known, this depends on the stability of the fixethisoemerging from the second iterate of the difference
equation Eq. (17), which might be also analytically asirexth For simplicity, we limit us to graphically showch a

stability.
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For 6 =0.074 (resp.6 = 096) a 4-period cycle arises. This period-doublinggess continues a8
decreases. Eventually, this process stops ara#indd14 (while in the pure PAYG case it
continues until the superior limit of the contriiout rate). Indeed, beyond such a rather low le¥el o
the contribution rate, an attracting chaotic regmmlonger exists and the economy is, broadly
speaking, disrupted.

As is evident by the comparison of Figures 3hg, chaotic behaviour generated by FR-PAYG
pensions more likely appears when the weight dticdm in determining the size of the pension

arrangement is high. In fact, the flip bifurcatiealue of the contribution rate dramatically shrinks

from 8 =0.7959 to @ = 0.0612 when the social security system shifts from a RA&'G scheme
to a pure FR-PAYG scheme. This means that thedotton of fertility components in the pension
formula dramatically increases the risk of cyclicadtability. Given that, as Liikanen (2007, p. 4)
claimed, the “pension contributions in Europe wouse from their present level of around 16% of
aggregate wages to around 28% by the year 2048nJahich starts out from a lower base, would
end up at approximately the same level” this examalkhough only illustrative, shows that with
the current size of the most part of the PAYG gystdnamely, an average contribution rate in
Europe around 16%) — and, fortiori, with the expected higher future contribution rateeven
rather small fertility-related elements in the pensformula may destabilise and trigger economic
chaotic fluctuations. Therefore introducing, in s$bBocountries currently plagued by below-
replacement fertility, such as several countrieEunope, either mixed or pure FR-PAYG pensions
even with values of the contribution rate well lvelthe current average value of 16 per cent may
have dramatic destabilising effects.

To sum up, although fertility-related pensiame often advocated as a possible remedy against
the peril of the future sustainability of the preion of unfunded public pensions as well as for
optimality purposes (see Abio et al., 2004, Cignd &Verding, 2007), the transition from a pure

PAYG system (Figure 3) to a PAYG system partiafyg(re 4) or totally (Figure 5) linked to
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individual fertility may easily open the route tetdrministic chaos even in presence of small-sized

pension schemes.
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Figure 3. Casea =0 (pure PAYG). Bifurcation diagram fof (8 = 0.7959).
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Figure 4. Casea = 050 (mixed FR-PAYG). Bifurcation diagram fa@ (6 = 0.1137).
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Figure5. Casea =1 (pure FR-PAYG). Bifurcation diagram fa& (& = 0.0612).

4. Conclusions

We analysed the dynamics of an overlapping gemeatdouble Cobb-Douglas economy with
endogenous fertility and fertility-related pay-amdygo public pensions with both perfect and
myopic expectation’’

We showed that a fertility-related pension refodramatically increases the risk of cyclical
instability generated by the PAYG system in theeca$ myopic expectations. Moreover, the
existence of a fertility-related component in tlegion formula implies that a rise in the indivilua

degree of thriftiness and a reduction in the tdgtechildren both increase the area of cyclical

15 In particular, we have argued that the case of myopisifgiteis rather plausible for this class of models hiclw

individuals are atomistic and unable to coordinate #hetisions.
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instability, while both parameters would not affstability in the traditional public pension system
This seems to be rather paradoxical since feriéigited pension reforms are properly advocated in
economies plagued both by reduced saving formadiah below-replacement fertility rates, in
which policies aiming at increasing the “love” faving and children are implemented for.

Therefore, we may conclude that the introdunc{ior the extension) of fertility related elements
in the pension formula, as recently advocated byyreconomists and policy-makers, act as a
strong economic de-stabiliser. Moreover we showed an economy with FR-PAYG pensions
contains in itself the possibility of deterministmomplex cycles. In particular, a numerical
illustration has shown that the destabilisatiothaf economy due to FR-PAYG pensions becomes a
plausible scenario for several economies.

Our results have a twofold interpretation):. ¢onstitute a policy warning about the risks of
(cyclical) instability caused by the introductiori fertility-related elements in PAYG pension
schemes in presence of realistic myopia of indi@iduand i{) they provide a further deterministic
explanation of the occurrence of persistent cywiessonomies with endogenous fertility.

Finally, some caveats are in order: since @gults pertain to specific utility and production
functions and other model assumptions, they amoofse tentative. However, it is of value to show
that the introduction of fertility dependant compats in pension schemes may be destabilising and

generate chaotic fluctuations in rather realistier®mies with social security.

Appendix

In this appendix we briefly show that the dynami¢sa Cobb-Douglas OLG economy with FR-

PAYG pensions and perfect foresight cannot be cgtli

Proposition A.1. The dynamics of capital in a double Cobb-DouglassGiconomy with FR-PAYG
pensions and perfect foresighted individuals isaglsvmonotonic and convergentko.
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Proof. Differentiating Eq. (14) with respect ¢ and using Eq. (15) we find:

OKiy
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qBall-a)A Nt
o T agrd-alpard ) @

_ <lforany0<é<1.Q.E.D.
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Therefore,0< Ky
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