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Abstract
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We illustrate the results with an empirical example looking at possible convergence
over time in the world income distribution. We also extend our results to include
covariates X, showing that we can nonparametrically identify and estimate cross
section regression models of the form Y = g(X, D*)4U, where D* is an unobserved
binary regressor.
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1 Introduction

We propose a method of nonparametrically identifying and estimating cross section
regression models that contain an unobserved binary regressor, or equivalently an un-
observed random effect that can take on two values. No instruments or proxies for
the unobserved binary regressor are observed. Identification is obtained by assuming
that the regression function errors are symmetrically distributed. Moment conditions
are derived based on these assumptions, and are used to construct either an ordinary
generalized method of moments (GMM) estimator, or in the presence of covariates, a
nonparametric local GMM estimator for the model.

The symmetry of errors used for identification here can arise in a number of contexts.
Normal errors are of course symmetric, and normality arises in many models such as
those involving central limit theorems or Gibrat’s law. Differences of independently,
identically distributed errors (or more generally of exchangable errors) are symmetri-
cally distributed. See, e.g., proposition 1 of Honore (1992). So, e.g., two period panel
models with fixed effects will have errors that are symmetric after time differencing.
Our results could therefore be applied in a two period panel where individuals can have
an unobserved mean shift at any time (corresponding to the unobserved binary regres-
sor), fixed effects (which are differenced away) and exchangable remaining errors (which
yield symmetric errors after differencing). Below we give other more specific examples
of models with symmetric errors.

Ignoring covariates for the moment, suppose Y = h + V + U, where V and U are
independent mean zero random variables and A is a constant. The random V' equals
either by or b; with unknown probabilities p and 1 — p respectively, where p does not
equal a half, i.e.;, V' is asymmetrically distributed. U is assumed to have a symmetric
distribution. We observe a sample of observations of the random variable Y, and so can

identify the marginal distribution of Y, but we do not observe h, V', or U.



We first show that the constant h and the distributions of V' and U are nonparamet-
rically identified just from observing Y. The only regularity assumption required is that
some higher moments of Y exist.

We also provide estimators for the distributions of V' and U. We show that the
constant h, the probability mass function of V', moments of the distribution of U, and
points of the distribution function of U can all be estimated using GMM. Unlike common
deconvolution estimators that can converge at slow rates, we estimate the distributions
of V and U, and the density of U (if it is continuous) at the same rates of convergence
as if V and U were separately observed, instead of just observing their sum.

We do not assume that the supports of V' or U are known, so estimation of the
distribution of V' means identifying and estimating both of its support points by and by,
as well as the probabilities p and 1 — p, respectively, of V' equaling by or b;.

To illustrate these results, we empirically apply them to the world economy conver-
gence question of whether less developed economies are catching up with the economies
of richer countries over time. Cross country GDP data in different time periods are used
in this application, where p in each time period is an estimate of the fraction of countries
that are poor, by — by provides a measure of the average difference in GDP between rich
and poor countries, and the variance of U is a measure of the dispersion of countries
within each group. Decreases in these numbers over time would indicate different forms
of income convergence. A feature of these estimates is that they do not require an a
priori definition of poor vs. rich, or any assignment of individual countries into the rich
or poor groups.

The remainder of the paper then describes how these results can be extended to
allow for covariates. If h depends on X while V' and U are independent of X, then we
obtain the random effects regression model Y = h(X) + V + U, which is popular for

panel data, but which we identify and estimate just from cross section data.



More generally, we allow both A and the distributions of V and U to depend on X.
This is equivalent to nonparametric identification and estimation of a regression model
containing an unobserved binary regressor. The regression model is Y = ¢g(X, D*) + U,
where ¢ is an unknown function, D* is an unobserved binary regressor that equals zero
with unknown probability p (X) and one with probability 1 — p(X), and U is a random
error with an unknown symmetric mean zero conditional distribution Fyy (U | X). The
unobserved random variables U and D* are conditionally independent, conditioning upon
X. By defining h(z) = E(Y | X =2) = E[g(X,D*) | X =z], V = g(X, D*) — h(X)
and U =Y —h (X)—V, this regression model can then be rewritten as Y = h (X)+V+U,
where h (z) is a nonparametric regression function of Y on X, and the two support points
of V' conditional on X = x are then by (z) = g(z,d) — h(z) for d =0, 1.

The assumptions this regression model imposes on its error term U are standard,
e.g., they hold if the error U is normal, and allow for the error U to be heteroskedastic
with respect to X. Also, measurement errors are often assumed to be symmetric and U
may be interpreted as measurement error in Y.

One possible application of these extensions is a stochastic frontier model, where Y
is the log of a firm’s output, X are factors of production, and D* indicates whether
the firm operates efficiently at the frontier, or inefficiently. Existing stochastic frontier
models obtain identification either by assuming parametric functional forms for both the
distributions of V and U, or by using panel data and assuming that each firm’s individual
efficiency level is a fixed effect that is constant over time. See, e.g., Kumbhakar et. al.
(2007) and Simar and Wilson (2007). In contrast, with our model one could estimate
a nonparametric stochastic frontier model using cross section data, given the restriction
that unobserved efficiency is indexed by a binary D*.

Another potential class of applications is where individuals are randomly assigned

some treatment D*, perhaps by a natural experiment, but in our data we do not ob-



serve who was treated and who wasn’t. Assuming that treatment only induces a mean
shift in outcomes, we would still be able to identify the probability of treatment and
the difference in mean outcomes between treated and untreated in this context. If we
have panel data (two periods of observations) and all treatments occur in one of the
two periods, then as noted above the required symmetry of U errors would result auto-
matically from time differencing the data, given the standard panel model assumption
of individual specific fixed effects plus independently, identically distributed (or more
generally exchangable) errors.

Dong (2008) estimates a model where Y = h(X) + V + U, and applies her results
to data where Y is alcohol consumption, and the binary V' is an unobserved indicator
of health consciousness. Our results formally prove identification of Dong’s model, and
our estimator is more general in that it allows V' and the distribution of U to depend
in arbitrary ways on X. Hu and Lewbel (2007) also identify some features of a model
containing an unobserved binary regressor. They employ two identification strategies,
both of which differ from ours. One of their strategies uses a type of instrumental
variable, while the other exploits an assumption of conditional independence of low
order moments, including homoskedasticity. They also use different estimators from
ours, and the type of applications they focus on are also different.

Models that allocate individuals into various types, as D* does, are common in
the statistics and marketing literatures. Examples include cluster analysis, latent class
analysis, and mixture models (see, e.g., Clogg 1995 and Hagenaars and McCutcheon
2002). Our model resembles a (restricted) finite mixture model, but differs crucially in
that, for identification, finite mixture models require the distributions being mixed to be
parametrically specified, while in our model U is nonparametric. While mixture models
are more flexible than ours in allowing more than two groups, and for U to vary across

groups, ours is more flexible in allowing U to be nonparametric, essentially allowing for



an infinite number of parameters versus finitely parameterized mixtures.

Also related is the literature on mismeasured binary regressors, where identification
generally requires instruments. An exception is Chen, Hu and Lewbel (2008). Like
our Theorem 1 below, they exploit error symmetry for identification, but unlike this
paper they assume that the binary regressor is observed, though with some measurement
(classification) error, instead of being completely unobserved. A more closely related
result is Heckman and Robb (1985), who like us use zero low order odd moments to
identify a binary effect, though their’s is a restricted effect that is strictly nested in our
results. Error symmetry has also been used to obtain identification in a variety of other
econometric contexts, e.g., Powell (1986).

There are a few common ways of identifying the distributions of random variables
given just their sum. One method of identification assumes that the exact distribution
of one of the two errors is known a priori, (e.g., from a validation sample as is common in
the statistics literature on measurement error; see, e.g., Carroll, et. al. 2006) and using
deconvolution to obtain the distribution of the other one. For example, if U were normal,
one would need to know a priori its mean and variance to estimate the distribution of V.
A second standard way to obtain identification is to parameterize both the distributions
of V and U, as in most of the latent class literature or in the stochastic frontier literature
(see, e.g., Kumbhakar and Lovell 2000) where a typical parameterization is to have V'
be log normal and U be normal. Panel data models often have errors of the form V + U
that are identified either by imposing specific error structures or assuming one of the
errors is fixed over time (see, e.g., Baltagi 2008 for a survey of random effects and
fixed effects panel data models). Past nonparametric stochastic frontier models have
similarly required panel data for identification, as described above. In contrast to all
these identification methods, in our model both U and V' have unknown distributions,

and no panel data are required.



The next section contains our main identification result. We then provide moment
conditions for estimating the model, including the distribution of V' (its support points
and the associated probability mass function), using ordinary GMM. Next we provide
estimators for the distribution and density function of U. We empirically apply these
results to estimating features of the distribution of per capita GDP across countries
and use the results to examine the convergence hypothesis. This is followed by some
extensions showing how our identification and estimation methods can be augmented to

provide additional moments for estimation, and to allow for covariates.

2 Identification

In this section, we first prove a general result about identification of the distribution of
two variables given only their sum, and then apply it. Later we extend these results to

including regressors X.

ASSUMPTION A1: Assume the distribution of V' is mean zero, asymmetric, and
has exactly two points of support. Assume F (U 4| V) =F (U d) exists for all positive

integers d < 9, and FE <U2d*1> = 0 for all positive integers d < 5.

THEOREM 1: Let Assumption Al hold, and assume the distribution of Y is identi-
fied, where Y = h+ V + U. Then the constant h and the distributions of U and V' are
identified.

The proof of Theorem 1 is in the Appendix. Assumption Al says that the first nine
moments of U conditional on V are the same as the moments that would arise if U
were distributed symmetrically and independent of V. Given symmetry of U and an
asymmetric, independent, two valued V| by Assumption A1 the only regularity condition

required for Theorem 1 is existence of E (Y?).



It can be readily shown using the method of proof in Theorem 1 that the parameters
defining the distribution of V are generically locally identified using just a few low
order moments of Y. Higher moments going up to the ninth moment are required only
to distinguish amongst a small number of multiple roots and thereby provide global
identification.

Let by and b; denote the two support points of the distribution of V', where without
loss of generality by < by, and let p be the probability that V' = by, so 1 — p is the
probability that V' = b;. Note that Theorem 1 assumes asymmetry of V' (since otherwise
it would be indistinguishable from U) and hence requires p # 1/2. This suggests that
the identification and associated estimation will be weak if the actual p is close to 1/2.
In practice, it would be easy to tell if this problem exists, because if it does then the
observed Y will itself be close to symmetrically distributed. Applying a formal test of
data symmetry such as Ahmed and Li (1997) to the Y data is equivalent in our model
to testing if p = 1/2.

We next consider estimation of h, by, by, and p, and then later show how the rest of

the model, i.e., the distribution function of U, can be estimated.

3 Estimation

Our estimator will take the form of the standard Generalized Method of Moments
(GMM, as in Hansen 1982), since given data Yi,...Y,,, we will below construct a set
of moments of the form E [G (Y,0)] = 0, where G is a set of known functions and the
vector 0 consists of the parameters interest h, by, p, as well as uo, uy, and ug, where
ug =F (U d). The parameters us, uy, and ug are nuisance parameters for estimating the
V' distribution, but in some applications they may be of interest as summary measures

of the distribution of U.



Let vg = E(Vd). Then vy = E (V) =bop+ b1 (1 —p) =0, so

bop
p—1

and therefore,

d
b
va=E (V') =bp+ (p ip1> (1—p).

(2)

Now expand the expression E {(Y — )= (V+ U)d} = 0 for integers d, noting by As-

sumption Al that the first five odd moments of U are zero. The results are

E(Y —h)=0

E((Y =)’ = (va+uz)) =0
E((Y = h)*=vs) =0
FE ((Y — h)4 — (U4 + 6U2U2 + U4)) =0

E((Y = h)° = (vs + 100su)) = 0

E((Y = 1)° = (05 + 1504uz + 1505us + ug) ) = 0

E ((Y — h)7 - (U7 + 21U5UQ + 351)3U4)) =0

E ((Y - h)g - (Ug + 36U7U2 + 126U5U4 + 841)3U6)) =0

(10)

Substituting equation (2) into equations (3) to (10) gives eight moments we can

write as E[G (Y,0)] = 0 in the six unknown parameters 6 = (h, by, p, us, w4, ug),

which we use for estimation via GMM. The proof of Theorem 1 shows that these eight

equations uniquely identify these parameters. As shown in the proof, more equations

than unknowns are required for global identification because of the nonlinearity of these



equations, and in particular the presence of multiple roots. Given an estimate of 6, the
estimate of by is then obtained by equation (1).

Based on Theorem 1, for this estimator we assume that Yi, ....Y,, are identically
distributed (or more precisely, have identical first nine moments), however, the Y ob-
servations do not need to be independent, since GMM estimation theory permits some
serial dependence in the data. To save space we do not write out detailed assumptions
and associated limiting distribution theory for our estimator, because they are com-
pletely standard. Textbook GMM limiting distribution theory applied to our moments
provides root n consistent, asymptotically normal estimates of # and hence of h and of
the distribution of V', (i.e., the support points by and b; and the probability p, where by
is obtained by by = byp/ (p — 1) from equation 1). In a free normalization, we assume
by < by (if this is violated then the definitions of these two parameters can be switched
to make the inequality hold). This along with E (V') = 0 implies that by is negative and
by is positive, which may be imposed on estimation.

One might anticipate poor empirical results, and extreme sensitivity to outliers,
given the use of such high order moments for estimation. However, we found that these
problems did not arise in our empirical application, as long as Y was scaled appropriately
(to avoid the effects of computer rounding errors based on inverting matrix entries of
varying orders of magnitude). We believe the reason is that local identification and
associated estimates primarily derives from the low order moments. The high order
moments are only needed for global identification to distinguish between a few possible
multiple solutions of the low order polynomials. So, e.g., if low order moments identify a
parameter up to, say, two values, one positive and one negative, then substantial effects
of outliers on estimated higher moments will not matter much if the high moments are
only needed to distinguish between a positive mean and a negative mean.

In an extension section we describe how additional moments can be constructed for

10



estimation based on symmetry of U. These alternative moments could be employed in
applications where the polynomial based moments are found to be problematic. Another
possibility would be to remove outliers from the Y data prior to estimation (which can
be interpreted as robustifying higher moment estimates), though we found this to be

unnecessary in our empirical application.

4 The Distribution of U

As noted in the proof of Theorem 1, once the distribution of V' is recovered, then
the distribution of U is identified by a deconvolution, in particular we have that the
characteristic function of U is identified by F (e”U) =F (e”(y_h)) /E (e”v), where
1 denotes the square root of —1. However, under the assumption that U is symmet-
rically distributed, the following theorem provides a more convenient way to estimate
the distribution function of U. For any random variable Z, let F; denote the marginal

cumulative distribution function of Z. Also define ¢ = V + U and define

\I/<u) — [Fa (—U—l—bo) _ 1]1p_+2;:a (U+b1) (1_p) (11)

THEOREM 2: Let Assumption Al hold. Assume U is symmetrically distributed.
Then

Fy (u) = : (12)

Theorem 2 provides a direct expression for the distribution of U in terms of by, by,
p and the distribution of ¢, all of which are previously identified. This can be used to
construct an estimator for Fyy (u) as follows.

Let I (-) denote the indicator function that equals one if - is true and zero otherwise,

11



and let 6 be a vector containing h, by, by, and p. Define the function w (Y, u, @) by

= 1
o (Y,u.0) L=/ (13)
Then using Y = h + ¢ it follows immediately from equation (11) that
V(u) = E(w(Y,u,0)). (14)

An estimator for Fy; (u) can now be constructed by replacing the parameters in equation
(14) with estimates, replacing the expectation with a sample average, and plugging the

result into equation (12). The resulting estimator is

znj ’ _2 ' . (15)

Alternatively, Fyy (u) for a finite number of values of u, say uy, ..., us, can be estimated
as follows. Recall that E [G (Y, 0)] = 0 was used to estimate the parameters h, by, by, p
by GMM. For notational convenience, let n; = Fy (u;) for each u;. Then by equations

(12) and (14),
w(Y,u;,0) —w(Y,u;,0)+1
2

E|n, - = 0. (16)

Adding equation (16) for j = 1, ..., J to the set of functions defining G, including n, ..., n;
in the vector #, and then applying GMM to this augmented set of moment conditions
E[G (Y, 0)] = 0 simultaneously yields root n consistent, asymptotically normal estimates
of h, by, by, p and n; = Fy (u;) for j = 1,...,J. An advantage of this approach versus
equation (15) is that GMM limiting distribution theory then provides standard error
estimates for each Fys (u;).

While p is the unconditional probability that V' = by, given Fy it is straightforward

12



to estimate conditional probabilities as well. In particular,

Pr(V=>0|Y <y) = Pr(V=>by,Y <y)/Pr(Y <y)

= Fy(y—h—"bo)/Fy(y)

which could be estimated as Fys (y —h— 50> /E, (y) where F} is the empirical distribu-
tion of Y.

Let f; denote the probability density function of any continuously distributed ran-
dom variable Z. So far no assumption has been made about whether U is continuous or
discrete. However, if U is continuous, then € and Y are also continuous, and then taking

the derivative of equations (11) and (12) with respect to u gives

_ —fe(mutbo)p+ fo(utb)(1—p) ¥ (u) + ¢ (—u)

v (w) o e
which suggests the estimators
A —fe (~utbo) p+ f (u+b1) (1-p)
Y (u) = 2% : (18)
Fo () = ¥ (u) + ¢ (—U)’ (19)

where f. (¢) is a kernel density or other estimator of f. (), constructed using data
g, =Y —hfori= 1,...n. Since densities converge at slower than rate root n, the limiting
distribution of this estimator will be the same as if /f\L, 50, 51, and p were evaluated at
their true values. The above fU (u) is just the weighted sum of kernel density estimators,

each one dimensional, and so under standard regularity conditions will converge at the

optimal one dimensional pointwise rate n*°. It is possible for fU (u) to be negative in

13



finite samples, so if desired one could replace negative values of fU (u) with zero.

A potential numerical problem is that equation (18) may require evaluting ﬁ at a
value that is outside the range of observed values of &;. Since both 1 (u) and ¢ (—u)
are consistent estimators of fy (u) (though generally less precise than equation (19)
because they individually ignore the symmetry constraint), one could use either @Ab (u) or
¥ (—u) instead of their average to estimate fi (u) whenever ¥ (—u) or 9 (u), respectively,
requires evaluating fa at a point outside the the range of observed values of g;.

This construction also suggests a specification test for the model. Since symmetry of
U implies that ) (u) = 1 (—u) one could base a test on whether [ WJ (u) — 1 (—u)} w (u) du =
0, where w (u) is a weighting function that integrates to one, and L is in the range of
values for which neither 1 (—u) nor ¢ (u) requires evaluating f. at a point outside the
the range of observed values of ;. The limiting distribution theory for this type of test
statistic (a degenerate U statistic under the null) based on functions of kernel densities

is standard, and in this case would closely resemble Ahmed and Li (1997).

5 A Parametric U Comparison

It might be useful to construct parametric estimates of the model, which could for
example provide reasonable starting values for the GMM estimation. The parametric
model we propose for comparison assumes that U is normal with mean zero and standard
deviation s.

When U is normal the distribution of Y is finitely parameterized, and so can be

estimated directly by maximum likelihood. The log likelihood function is given by

2
1— 1(Yi—h— bz
+ P exp —(pl . (20)

s\ 21 2 S

il P, Y, —h—by\’
n Xp |[—= | ————
pat sV 2w P172 s
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Maximizing this log likelihood function provides estimates of h, by, p, and s. As before,
an estimate of b; would be given by b, = Boﬁ/ (p —1). Further, if U is normal then
uy = 52, uy = 3s%, and ug = 15s%. These estimates can be compared to the GMM

estimates, which should be the same if the true distribution of U is indeed normal.

6 An Empirical Application: World Income Distri-
bution

A large literature exists regarding the distribution of income across countries, much
of which deals with the question of convergence, that is, whether poorer countries are
catching up with richer countries as a result of increases in globalization of trade and
diffusion of technology.

To measure the extent of convergence, if any, we propose a simple descriptive model of
the income distribution across countries. Assume that there exist two types of countries,
i.e., poor versus rich, or less developed versus more developed countries. Let I;; denote
the per capita income or GDP of country ¢ in time ¢, and define Y;; to be either income
levels Yy, = I, or income shares Yy = I;/ (X", I};). Assume that a poor country’s
income in year t is given by Y;; = g0 + Uy, while that of a wealthy country is given by
Y = g + Uy, where g49 and g4; are the mean income levels or mean shares for poor and
rich countries, respectively, and Uy; is an individual country’s deviation from its group
mean. Here Uy embodies both the relative ranking of country ¢ within its (poor or rich)
group, and may also include possible measurement errors in Y,;. We assume that the
distribution of Uy; is symmetric and mean zero with a probability density function f,.

Let hy = F;(Y) be the mean income or income share for the whole population of
countries in year t. Then the income measure for country ¢ in year ¢ can be written as

Y, = hy +V;; 4+ Uy, where Vj; is the deviation of rich or poor countries’ group mean from
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the grand mean h;. Then Vj; equals by = g0 — hy with probability p, and Vj; equals
by = gs1 — hy with probability 1 — p;, so p; is the fraction of countries that are in the
poor group in year t, and b;; — by is the difference in mean income or income shares
between poor and wealthy countries.

Objections can be easily raised to this simplistic model, e.g., that other indicators
in addition to income exist for grouping countries, that countries could be divided into
more than two groups, and that there is not a strong economic argument for why the
distribution of incomes around group means should be symmetric and the same for both
groups. One could respond that it is common to dichotomize the world into groups
of rich (well developed) and poor (less developed) countries, that Gibrat’s law within
groups could generate the required symmetry, and that the shape of the world income
distribution suggests at least rough appropriateness of the model (including possible
bimodality of Y with estimates of the U distribution close to normal). Still, given these
valid concerns, we interpret our model as primarily descriptive rather than structural.
Our main goal is to verify that the polynomial moments we use for identification and
estimation can produce reasonable estimates with real data and small sample sizes.

Though simple, our model provides measures of a few different possible types of
convergence. Having p; decrease over time would indicate that on average countries are
leaving the poor group and joining the set of wealthy nations. A finding that b;; — by
decreases over time would mean that the differences between rich and poor nations are
diminishing, and a finding that the spread (e.g. the variance) of the density f, decreases
over time would mean that there is convergence within but not necessarily across the
poor and rich groups.

A feature of this model is that it does not require arbitrarily choosing a threshold
level of Y to demarcate the line between rich and poor countries, and so avoids this

potential source of misspecification. This model also allows for the possibility that a
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poor country has higher income than some wealthy country in a given time period due
to random factors (e.g., natural disaster in a wealthy country i, implying a low draw of
Uy; in time t). More generally, the model does not require specifying or estimating the
group to which each country belongs.

Bianchi (1997) applies bimodality tests to the distribution of income across countries
over time, to address questions regarding evidence for convergence. Bimodality versus
unimodality of Y might be interpreted as evidence in favor of a ‘two group’ model,
though note that even if U is unimodal, e.g., normal, then Y can be either unimodal or
bimodal (with possibly large differences in the heights of the two modes), depending on
p and on the magnitudes of by and b;. The density for Y can also be quite skewed, even
though U is symmetric.

For comparison we apply our model using the same data as Bianchi, which consists of
I;; defined as annual per capita GDP in constant U.S. dollars for 119 countries, measured

in 1970, 1980 and 1989.

Table 1: Estimates based on the GDP per capita level data (in 10,000 1985 dollars)

p b0 bl b1-b0 h u2 u4d u6
GMM  .8575 -. 1105  .6648 7753 3214 .0221 .0001%  .0024
1970 (.0352) (.0244) (.0664) (.0590) (.0284) (.0042) (.0002) (.0009)

MLE .8098  -.1334 5679  .7013  .3213  .0199
(.0362) (.0260) (.0487) (.0477) (.0280) (.0031)

GMM 8081  -.1722 7252 8074 4223 0294  .0016  .00L7*

1980 (.0371) (.0322) (.0579) (.0491) (.0351) (.0043) (.0004) (.0007)
MLE .8070  -.1692 .7077  .8769  .4222  .0350
(.0393) (.0345) (.0600) (.0544) (.0372) (.0048)

GMM 8125 -2114 9159  1.1273 4804  .0384  .0051  .0028°

1989 (.0380) (.0424) (.1022) (.1111) (.0439) (.0118) (.0104) (.0448)
MLE 7948  -2192 .8491  1.0683 .4805  .0489
(.0393) (.0413) (.0754) (.0679) (.0441) (.0076)

Note: % not significant; * significant at the 5% level; all the others are significant at the 1% level.
Standard errors are in parentheses.
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Table 2: Estimates based on the scaled GDP per capita share data

p b0 bl b1-b0 h u2 ud ub
GMM .8619 -.1392  .8682 1.0074  .4206 .0417 .0039$  .0057°
1970 (.0361) (.0332) (.1009) (.0985) (.0380) (.0089) (.0068) (.0063)

MLE  .8098  -.1744 7425  .9169  .4202  .0340
(.0383) (.0352) (.0670) (.0629) (.0377) (.0053)

GMM 8080  -.1715 7217 8932 4202  .0201 _ .0016  .0017

1980 (.0374) (.0334) (.0560) (.0497) (.0364) (.0041) (.0004) (.0006)
MLE .8070  -.1684 .7043  .8727 4202  .0347
(.0373)  (.0322) (.0570) (.0508) (.0353) (.0045)

GMM 8117  -.1848 7964 9812 4203 0316  .0023  .0020%

1989 (.0360) (.0344) (.0609) (.0518) (.0388) (.0049) (.0007) (.0009)
MLE 7948  -.1916 .7424  .934 4202 .0374
(.0387) (.0355) (.0655) (.0589) (.0395) (.0058)

Note: $ not significant; *significant at the 5% level; all the others are significant at the 1% level.
Standard errors are in parentheses.

For each of the three years of data we provide two different estimates, labeled GMM
and MLE in Tables 1 and 2. GMM is based on the identifying polynomial moments
(3) to (10) (after substituting in equation (2)), while MLE is a maximum likelihood
estimator that maximizes (20) assuming that U is normal.

Table 1 reports results based on per capita levels, Y;; = I;;/10,000, while Table 2 is
based on scaled shares, Y;; = 501/ (31", I;;). We scale by 10,000 in Table 1 and by 50 in
Table 2 to put the Y;; data in a range between zero and two in each case. These scalings
are theoretically irrelevant, but in practice help ensure that the matrices involved in
estimation (particularly the high order polynomial terms in the estimated second stage
GMM weighting matrix) are numerically well conditioned despite computer round off
error.

In both Tables 1 and 2, and in all three years, the GMM and maximum likelihood
estimates are roughly comparable, for the most part lying within about 10% of each

other. Looking across years, both Tables tell similar stories in terms of percentages of
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poor countries. Using either levels or shares, by GMM p is close to .86 in 1970, and
close to .81 in 1980 and 1989, showing a decline in the number of poor countries in the
1970’s, but no further decline in the 1980’s. In contrast, MLE shows p close to .81 in
all years. The average difference between rich and poor, b; — by, increases steadily over
time in the levels data, but this may be due in part to the growth of average income
over time, given by h. Share data scales out this income growth over time. Estimates
based on shares in Table 2 show that b; — by decreased by a small amount in the 1970’s,
but then increased again in the 1980’s, so by this measure there is no clear evidence of

convergence or divergence.

““““ MLE Normal Density
-~ ——GMMI1 Estimated Density

- = = =Same Mode Normal Density

The Probability Density Function (PDF) of U

1
-1.5 -1 -0.5 0 0.5 1 1.5

Figure 1: The estimated probability density function of U, using 1970 share data

Figure 1 shows fu, the estimated density of U, given by equation (19) using the
GMM estimates from Table 2 in 1970. Graphs of other years are very similar, so to save
space we do not include them here. This estimated density is compared to a normal
density with the same mode, f, (0). It follows that this normal density has standard
deviation (27) /2 [ fu (O)]il. With the same central tendency given by construction,
these two densities can be compared for differences in dispersion and tail behaviors.

As Figure 1 shows, the semiparametric fu matches the normal density rather closely
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except near the tails of its distribution where data are sparse. Also shown in Figure 1
is the maximum likelihood estimate of f,,, which assumes U is normal. Although close
to normal in shape, the semiparametric fu appears to have a larger variance than the
maximum likelihood estimate. The graphs of fu in other years are very similar, and they
along with the variance estimates in Table 2 show no systematic trends in the dispersion
of U over time, and hence no evidence of income convergence within groups of rich or
poor countries.

In this analysis of U, note that Y is by construction nonnegative so U cannot literally
be normal; however, the value of U where Y = h + V 4 U crosses zero is far out in the
left tail of the U distribution (beyond the values graphed in Figure 1), so imposing the
constraint on U that Y be nonnegative (e.g., making the parametric comparison U a
truncated normal) would have no discernable impact on the resulting estimates.

In addition to levels Iy; and shares Iy;/ (31, I;), Bianchi (1997) also considers logged
data, but finds that the log transformation changes the shape of the Y}; distribution in
a way that obscures bimodality. We found similar results, in that with logged data our
model yields estimates of p close to .5, which is basically ruled out by our model, as
p = .5 would make V' be symmetric and hence unidentifiable relative to U. As noted
earlier, one can readily tell a priori if p is close to .5, because this can happen only if

the observed Y distribution is itself close to symmetric.

7 Extension 1: Alternative Moments For Estima-
tion

Here we provide additional moments that may be used for estimating the parameters h,

bo, bl and p.
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COROLLARY 1: Let Assumption Al hold. Assume U is symmetrically distributed
and is independent of V. Assume F [exp (T'U)] exists for some positive constant 7". Then
for any positive 7 < T' there exists a constant «, such that the following two equations

hold:

E lexp (t(Y —h)) — (pexp (Tbo) + (1 — p) exp (;?ﬁ)) aT] =0 (21)

E [exp (=7 (Y — B)) — <p exp (—7by) + (1 — p) exp (;T_bof» aT] —0 ()

Given a set of L positive values for 7, i.e., constants 71,...,7, each of which are less
than T, equations (21) and (22) provide 2L moment conditions satisfied by the set of
L + 3 parameters 71,..., 7, h, p, and by. Although the order condition for identification
is therefore satisfied with L > 3, we do not have a proof analogous to Theorem 1 showing
that the parameters are actually globally identified based on any number these moments.
Note also that Corollary 1 is based on means of exponents, and so requires Y to have
a thinner tailed distribution than estimation based on the polynomial equations (3) to
(10).

In theory, parameter estimates based on GMM just using the moments given by
equations (3), (21) and (22) for various value of 7 might not be globally identified, and
hence if these moments are used they should in theory only be employed along with
the polynomial based moments to improve efficiency. However, in some simulations (see
also Dong 2008) we found that estimation based just on moments in Corollary 1, letting
T1,...,71, be about a dozen equally spaced values between 1 and 2.5, yielded estimates that
were both reasonable and similar to those based on the identified polynomial moments.

Corollary 1 actually provides a continuum of moments, so rather than just choose
a finite number of values for 7, it would also be possible to efficiently combine all the

moments given by an interval of values of T using, e.g., Carrasco and Florens (2000).
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8 Extension 2: h depends on covariates

We now extend our results by permitting A to depend on covariates X. Estimators
associated with this extension will take the form of standard two step estimators with a

uniformly consistent first step.

COROLLARY 2: Assume the conditional distribution of Y given X is identified and
its mean exists. Let Y = h (X)+V +U. Let Assumption Al hold. Assume V and U are

independent of X. Then the function i (X) and distributions of U and V' are identified.

Corollary 2 extends Theorem 1 by allowing the conditional mean of Y to nonparamet-
rically depend on X. Given the assumptions of Corollary 2, it follows immediately that
equations (3) to (10) hold replacing h with h (X)), and if U is symmetrically distributed
and independent of V' and X then equations (21) and (22) also hold replacing h with
h (X). This suggests a couple of ways of extending the GMM estimators of the previous
section. One method is to first estimate h (X) by a uniformly consistent nonparametric
mean regression of Y on X (e.g., a kernel regression), then replace Y — h in equations (3)
to (10) and/or equations (21) and (22) with e =Y — h(X), and apply ordinary GMM
to the resulting moment conditions (using as data &; = Y; — h (X;) for i = 1,...,n) to
estimate the parameters by, by, p, us, ug, and ug. Consistency of this estimator follows
immediately from the uniform consistency of k and ordinary consistency of GMM. This
estimator is easy to implement because it only depends on ordinary nonparametric re-
gression and ordinary GMM. Root n limiting distribution theory may be immediately
obtained by applying generic two step estimation theorems as in Newey and McFadden
(1994).

An alternative estimator is to note that, given the assumptions of Corollary 2, equa-

tions (3) to (10) and/or equations (21) and (22) (the latter assuming symmetry and
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independence of U) hold by replacing h with h(X) and replacing the unconditional
expectations in these equations with conditional expectations, conditioning on X = x.
The resulting set of equations can be written as F [G (Y,0,h (X)) | X = z] = 0 where G
is a set of known functions and 6 is the vector of parameters by, by, p, and also includes
ug, ug, and ug if equations (4) to (10) (after substituting in equation (2)) are included
in the set of moments G, or includes 71,...,7y, if equations (21) and (22) are used. This
is now in the form of conditional GMM given by Ai and Chen (2003), who provide a
sieve estimator and associated limiting distribution theory. This is also in the form of
the local GMM of Lewbel (2008), which may be applied as described in the next section
and the Appendix.

After replacing h with & (X;), equation (15) can be used to estimate the distribution
of U, or alternatively equation (16) for j = 1,...,J, replacing h with h(X), can be
included in the set of functions defining GG in the estimated described above. Since € has
the same properties here as before, the estimator (19) will still work for estimating the
density of U if it is continuous, using as data &, = Y; — h (X;) for i =1,...,n to estimate
the density function f..

If desired, this model can be easily compared to a semiparametric specification where
U is normal while & (X) is unknown. In this case the first step would still be to construct
an estimate h (X) by a nonparametric regression of Y on X, and then Y; — h in the
likelihood function (20) would be replaced by Y; — h (X;) and the result maximized over

by, p, and s to estimate those parameters.
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9 Extension 3: Nonparametric regression with an
Unobserved Binary Regressor

This section extends previous results to a more general nonparametric regression model

of the form Y = ¢g(X, D*) + U. Specifically, we have the following corollary.

COROLLARY 3: Assume the joint distribution of Y, X is identified, and that g(X, D*) =
E(Y | X, D*) exists, where D* is an unobserved variable with support {0,1}. Assume
that the distribution of g(X, D*) conditional upon X is symmetric. Define p(X) =
E(1 = D* | X) and define U = Y — g(X, D*). Assume E (U| X,D*) = E (U | X)
exists for all integers d < 9 and £ (U -1 X ) = 0 for all positive integers d < 5. Then

the functions g(X, D*), p(X), and the distribution of U are identified.

Corollary 3 permits all of the parameters of the model to vary nonparametrically with
X. It provides identification of the regression model Y = ¢(X, D*) + U, allowing the
unobserved model error U to be heteroskedastic (and have nonconstant higher moments
as well), though the variance and other low order even moments of U can only depend
on X and not on the unobserved regressor D*. As noted in the introduction and in the
proof of this Corollary, Y = g(X, D*)+U is equivalent to Y = h (X )+ V +U but, unlike
Corollary 2, now V and U have distributions that can depend on X. As with Theorem
1, symmetry of U (now conditional on X) suffices to make the required low order odd
moments of U be zero.

Given the assumptions of Corollary 3, equations (3) to (10), and given symmetry of
U, equations (21) and (22), will all hold after replacing the parameters h, by, b1, p, u;,
and 7, and with functions h (X), by (X), b1 (X), p(X), u; (X), and 7, (X) and replacing
the unconditional expectations in these equations with conditional expectations, condi-

tioning on X = z. If desired, we can further replace by (X) and by (X) with g(x,0)—h (z)
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and g(x,1) — h(x), respectively, to directly obtain estimates of the function g (X, D*)
instead of by (X) and by (X).
Let g (z) be the vector of all of the above listed unknown functions. Then these

conditional expectations can be written as

ElG(q(x),Y) | X =2)] =0 (23)

for a vector of known functions G. Equation (23) is again in the form of conditional
GMM which could be estimated using Ai and Chen (2003), replacing all of the unknown
functions ¢(z) with sieves (related estimators are Carrasco and Florens 2000 and Newey
and Powell 2003). However, given independent, identically distributed draws of XY,
the local GMM estimator of Lewbel (2008) may be easier to use because it exploits the
special structure we have here where all the functions ¢(x) to be estimated depend on
the same variables that the moments are conditioned upon, that is, X = x.

We summarize here how this local GMM estimator could be implemented, while
Appendix B provides details regarding the associated limiting distribution theory.

1. For any value of x, construct data Z; = K ((z — X;) /b) for i = 1,...,n, where K
is an ordinary kernel function (e.g., the standard normal density function) and b is a
bandwidth parameter. As is common practice when using kernel functions, it is a good
idea to first standardize the data by scaling each continuous element of X by its sample
standard deviation.

2. Obtain # by applying standard two step GMM based on the moment conditions
E(G(0,Y)Z) =0 for G from equation (23).

3. For the given value of z, let g(z) = 0.

4. Repeat these steps using every value of x for which one wishes to estimate the

vector of functions ¢(z). For example, one may repeat these steps for a fine grid of x
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points on the support of X, or repeat these steps for x equal to each data point X; to
just estimate the functions ¢(x) at the observed data points.

Note that this local GMM estimator can be used when X contains both continuous
and discretely distributed elements. If all elements of X are discrete, then the estimator
simplifies back to Hansen’s (1982) original GMM, as described in Appendix B.

For comparison, one could also estimate a semiparametric specification where U
is normal but all parameters of the model still vary with z. Analogous to the local
GMM estimator, this comparison model could be estimated by applying the local GMM
estimator described in Appendix B to moment conditions defined as the derivatives of
the expected value of log likelihood function (20) with respect to the parameters, that

is, using the likelihood score functions as moments.

10 Discrete V With More Than Two Support Points

A simple counting argument suggests that it may be possible to extend this paper’s
identification and associated estimators to applications where V' is discrete with more
than two points of support, as follows. Suppose V' takes on the values by, by, ..., bg
with probabilities pg, p1,..., pr. Let u; = E (U?) for integers j as before. Then for any
positive odd integer S, the moments £ (Y*) for s = 1, ..., S equal known functions of the
2K + (S + 1) /2 parameters by, b,..., b, p1, D2, --DKs U2, Us, .., Us_1, h.} Therefore,
with any odd S > 4K + 1, E(Y?) for s = 1, ..., S provides at least as many moment
equations as unknowns, which could be used to estimate these parameters by GMM.
These moments include polynomials with up to S — 1 roots, so having S much larger
than 4K 4 1 may be necessary for identification, just as the proof of Theorem 1 requires

S =9 even though in that theorem K = 1. Still, as long as U has sufficiently thin tails,

'Here pg and by can be expressed as functions of the other parameters by probabilities summing to
one and V having mean zero. Also us for odd values of s are zero by symmetry of U.
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E (Y?) can exist for arbitrarily high integers s, thereby providing far more identifying
equations than unknowns.

The above analysis is only suggestive. Given how long the proof is for our model
where V' takes on only two values, we do not attempt a proof of identification with more
than two points of support. However, assuming that a model where V' takes on more
than two values is identified, the moment conditions for estimation analogous to those
we provided earlier are readily available. For example, as in the proof of Corollary 1 it

follows from symmetry of U that
Elexp (1 (Y —h))] = Elexp (7V)] e,

with a, = a_, for any 7 for which these expectations exist, and therefore by choosing

constants 71,...,7, GMM estimation could be based on the 2L moments

E LZ [[exp (T¢ (Y — h))] — exp (T,b) aw]pkl =0

E[z [[exp(—my—hm—exp(—nm%]pk] 0

k=0

for £ = 1,...,L. The number of parameters by, py and o, to be estimated would be

2K + L, so taking L > 2K provides more moments than unknowns.

11 Conclusions

We have proved global point identification and provided estimators for the models Y =
h+V+U,Y = h(X)+V+U, and more generally for Y = ¢g(X, D*)+U. In these models,
D* or V' are unobserved regressors with two points of support, and the unobserved U is

drawn from an unknown symmetric distribution. No instruments, measures, or proxies
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for D* or V are observed. To illustrate the results, we apply our basic model to the

distribution of income across countries, where the two values V' can take on correspond

to country types such as more developed versus less developed countries. The estimates

provide some summary measures for assessing whether income convergence has taken

place over time, and show that our estimator works well with real data and small sample

sizes, despite involving high order data moments.

Interesting work for the future could include derivation of semiparametric efficiency

bounds for the model, and conditions for identification when V' can take on more than

two values.
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12 Appendix A: Proofs

PROOF of Theorem 1: First identify h by h = E (Y), since V' and U are mean zero.
Then the distribution of ¢ defined by ¢ = Y — h is identified, and ¢ = U + V. Define
eq=F <5d) and vy = F (Vd).

Now evaluate ey for integers d < 9. These ¢4 exist by assumption, and are identified
because the distribution of ¢ is identified. The first goal will be to obtain expressions
for vy in terms of ey for various values of d. Using independence of V' and U, the fact

that both are mean zero, and U being symmetric we have

E(sQ) — E(V2+2VU+U2)
ey = v2+E(U2)
E(UQ) = ey — Uy

E (53) = FE (V3 +3V2U +3VU? + U3)

€3 = Vs

E(e') = E(V'+4VU +6V2U* +4VU® 4 U*)
er = wi+60E(U?)+ E(UY)
E(UY) = ei—vi—6u,E (U?)
= ey — vy — 6vy (eg — vg)

E<U4> = 64—U4—6U2€2+6U§

E (€5> ) (V5 + 5VAU + 10V3U? + 10V2UP + 5VU* + U5)
e = Us+ 101)3E (UZ) = V5 + 10?)3 (62 — UQ)

€5 = Us+ 106362 — 10631)2
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€y — 106362 = Uy — 1063'112

Define s = e5 — 10eseq, and note that s depends only on identified objects and so is
identified. Then s = v5 — 10e3v9,

E() = E(VE46V°U +15VIU% 4+ 20V30° 4+ 15V2U* + 6VU° + U°)
o = vo+ 15uE (U?) + 150, E (U*) + E (U°)
E(U%) = es—vs—150E (U?) — 150, F (U*)
= e — Vg — 1504 (€3 — v2) — 150y <e4 — 04 — 6Ugey + 61}%)

= eg — Vg — 1beqvs — 15e4v9 + 30v9v4 — 9011;’ + 90621)%

E (57) - E (v7 + 7VOU + 21VOU2 + 35VAU3 + 35V3U* + 21V2U° + 7VUS + U7)
er = vy +21vsE (U2> 1 3503 F (U4)
er = v+ 2lvs (e2 — v2) + 3503 <e4 — vy — 6uges + 61}%)

plug in v5 = s 4 10e3vy and v3 = e3 and expand:

er = v+ 21(s+ 10e3vq) (e2 — vo) + 35e3 (64 — v4 — 6v9e9 + 61}%)
= w7+ 21sey — 21sv9 + 35e3e4 — 3Dezvy

Bring terms involving identified objects e; and s left:
er — 21sey — 3beses = vy — 3Degvy — 21505,

Define ¢ = e; — 21se; — 35e3e4 and note that ¢ depends only on identified objects and
so is identified. Then

q = v7 — 3begvy — 2180s.

Next consider eg.

126V4U° 4+ 84V3US + 36V2U" + 9V U8 + U?
e = v+ 360,FE (U2) + 12605 E (U4) 1 8413 F (U6)
eg = g+ 36v7 (e — vg) + 12605 (64 — vy — Guges + 61};)

VO 4 9VSU + 36V U2 4 84VOU? + 126V504
B() — E( + + + + +)
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+84v5 (66 — v — 1beguy — 15e4v9 + 30vqv4 — 901}5’ + 90621}3)

Use ¢ and s to substitute out v; = q + 3besvy + 21svy and vs = s + 10e3vy, and use

v3 = e3 to get

€9 = g+ 36 (q+ 3begvy + 21sv9) (€2 — v2) + 126 (s + 10e3v2) (64 — v4 — 6Uges + 61}%)
+84e5 (66 — vg — 1begvy — 15e4v9 + 30vav4 — 901}5’ + 9062213)

Expand and bring terms involving identified objects ey, s, and ¢ to the left:
eg — 36ges — 126se4 — 84eszeq = vg — 36quy — 126514 — 84e3vg

Define w = eg — 36ges — 126se4 — 84e3eq and note that w depends only on identified
objects and so is identified. Then

w = vg — 36quy — 126sv4 — 84e3vq

Summarizing, we have w, s, ¢, e3 are all identified and

es = U
s = wv5— 10e3vq

q = v7— 3de3vys — 21809

w = vg — 84esvg — 126504 — 36qus.

Now V' only takes on two values, so let V equal by with probability py and b; with
probability p;. Probabilities sum to one, so p; = 1 — py. Also, E (V) = bypo + bip1 =0
because € = V + U and both ¢ and U have mean zero, so by = —bypo/ (1 — po). Let

7= po/P1 = po/ (1 = po), s0
po=r/(1+r), p=1/(1+7r), b= —bor,
and for any integer d

d
_d A, _ 1d 4\ _ al +(=7)
va = bpo + bip1 = G (po + (—r)'p1) = L
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so in particular

vy = br

v3 = byr(1—r)

vy = bér (7“2 —r+4 1)

vs = byr(1—r) (7”2 + 1)

v = b6r+(_r)6:bGT(r4—r3—|—7’2—r—|—1)
O 147 0
v; = bgr(l—r)(r4+r2—|—1)
9
o er (=) 2 4
Ug = boﬁ—b(ﬂ"(l_r)(r +1) (T +].>

Substituting these v, expressions into the expression for ez, s, ¢, and w gives e3 =
bg?" (1 - 7"),

s = br(l—r) (7"2 + 1) — 10637 (1 — ) bir
s = bgr(l—r)<r2—107“+1)

q = wvr— 3begvuy — 21509
= bir(l1—r) (7"4 +r? 4 1) — 35651 (1 —7) ber (7"2 —r+ 1) — 21637 (1 —7) (7’2 —10r + 1) bar
¢ = bjr(1—r)(r"—56r®+246r° — 567 + 1)

w = vg — 84esvg — 126514 — 36qUs
br (1 —7r)(r2 + 1) (r*+1) =84 (bgr (1 — 7)) (b§r (r* — 13 + 12 — 1 4+ 1))
= =126 (b3r (1 — ) (r* = 10r + 1)) (byr (r* —r + 1))
=36 (b7r (1 — ) (r* — 5613 + 24612 — 561 + 1)) bar
w o= by (1—r) (r® = 246r° + 34877 — 10452r® + 3487r% — 2467 + 1)

Summarizing the results so far we have

es = bor(1—r)
s = byr(l—r) (7’2 —10r + 1)
g = byr(1—r)(r' = 56r®+ 246r* — 56r + 1)
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w = byr(l—r) (rﬁ — 2467° 4 3487r" — 10452r° 4 34877 — 2467 + 1)

These are four equations in the two unknowns by and r. We require all four equations
for identification, and not just two or three of them, because these are polynomials in
r and so have multiple roots. We will now show that these four equations imply that
r? —qr 4+ 1 = 0, where v is finite and identified.

First we have e3 = v3 # 0 and r # 1 by asymmetry of V. Also r # 0 because then
V' would only have one point of support instead of two, and these together imply by
ez = bir (1 —r) that by # 0. Applying these results to the s equation shows that if s
(which is identified) is zero then r* — 10r +1 = 0, and so in that case 7 is identified. So
now consider the case where s # 0.

Define R = ges/s?, which is identified because its components are identified. Then

bir (1 —r) (r* —56r® + 24612 — 56r + 1) bgr (1 —r)
r(1—r)(r2=10r + 1) 3r (1 —r) (r2 —10r + 1)
r* — 5613 + 24612 — 56r + 1

(r2 —10r +1)°

R

So

0 = (r*—56r" +246r> — 56r +1) — (> — 10r + 1)23
0 = (1—R)r* + (=56 + 20R) 1 + (246 — 102R) > + (—56 + 20R) r + (1 — R)

Which yields a fourth degree polynomial in r. If R = 1, then (using r # 0) this
polynomial reduces to the quadratic 0 = 72 — 47 + 1, so in this case v = —4 is identified.
Now consider the case where R # 1.
Define ) = s®/e3 which is identified because its components are identified. Then
(bgr (1 —7) (r? —10r +1))° (2 = 10r +1)°

R AT | N T Rk

0 = (P-10r+1) —(r(1-7)*Q

0 = r%—=30r° + (303 — Q) r* + (2Q — 1060) r* + (303 — Q) r? — 30r + 1

which is a sixth degree polynomial in . Also define S = w/e3 which is identified because
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its components are identified. Then

wo_ o bar (1 —7) (r® — 246r° + 3487r* — 10452r3 + 3487r? — 246r + 1)
e (B3r (1=7))°
(rS — 246r° + 3487r* — 1045213 + 3487r% — 2467 + 1)
S = 2
(r(1—r))
0 = (r®—246r° + 3487r" — 10452r® + 34877 — 2467 + 1) — (r (1 —1))* S
0 = 70 —246r° + (3487 — S) r* + (25 — 10452) 7 + (3487 — S) r* — 2461 + 1

which is another sixth degree polynomial in r. Subtracting the second of these sixth
degree polynomials from the other and dividing the result by r gives the fourth order
polynomial:

0=216r" + (S — Q — 3184) r® + (9392 + 2Q — 25) r* + (S — Q — 3184) r + 216.

Multiply this fourth order polynomial by (1 — R), multiply the previous fourth order
polynomial by 216, subtract one from the other. and divide by r to obtain a quadratic

n r:

0 = 216(1—R)r*+(1—R)(S—Q —3184)r® + (1 — R) (9392 + 2Q — 25) r?
+(1-R)(S—Q—3184)r +216 (1 — R) — 216 (1 — R) r* — 216 (=56 + 20R) 1>
—216 (246 — 102R) r* — 216 (—56 + 20R) 7 — 216 (1 — R)

0 = ((1-R)(S—Q —3184) — 216 (—56 + 20R)) r*
+((1 = R) (9392 4 2Q — 25) — 216 (246 — 102R)) r*
+((1 = R)(S—Q —3184) — 216 (—56 + 20R)) r

0 = ((1—R)(S—Q — 3184) + 12096 — 4320R) r°
+ (1= R) (9392 +2Q — 25) + 22032R — 53136) r
+((1 = R) (S — Q — 3184) + 12096 — 4320R) .
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which simplifies to
0=Nr*—(2(1—-R)(6320+ S — Q) +31104)r + N
where N = (1 — R) (1136 + S — Q) + 7776. The components of N can be written as
B rt —56r® 4 246r* — 56r + 1 (r* —10r + 1)* — (r* — 561 + 24672 — 561 + 1)
(r2 —10r +1)° (r2 —10r +1)°

3613 — 144r2 + 367
(r2 —10r +1)°

1-R =1

1136+ S — Q
_ (1136 N <(7"6 — 2467 + 3487 — 1045213 + 3487r2 — 2461 + 1)) _(rP—10r + 1)3>
(r(1—r))* (r(1—r))*
C1136(r (1 — 1))+ (r® — 24677 4 3487r* — 10452 4 348712 — 246r + 1) — (r* — 107 + 1)°
N (r(1 =)
—216r° + 4320r* — 116647 + 432012 — 2161

(r(1—7)’

SO

3613 — 14412 + 361 [ —216r° + 4320r* — 1166473 4 432012 — 2167
N = s - + 7776
(r2—10r +1) (r(l—r))
(3613 — 14472 + 36r) (—216r° 4 4320r* — 1166473 + 43201 — 2167)
(r2 —10r + 1) (r (1 — 7))
7776 (12 — 10r + 1)° (r (1 — 7))

(r2 —10r +1)* (r (1 —r))?

155527 + 6220874 + 933127 + 622087 + 155527 1555213 (r + 1)
(r2 —10r +1)* (r (1 —7))* 2 =10r+ 1) (r(1—1))?

15552r (r + 1)*

(r2 —10r + 1)* (1 —r)?

N =

The denominator of this expression for NV is not equal to zero, because that would imply
s = 0, and we have already considered that case, and ruled it out in the derivation of
the quadratic involving N. Now N could only be zero if 15552r (r +1)* = 0, and this
cannot hold because r # 0, and r > 0 (being a ratio of probabilities) so r # —1 is
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ruled out. We therefore have N # 0, so the quadratic involving N can be written as
0=r%—vr+1wherey = (2(1 —R) (6320 + S — Q) + 31104) /N, which is identified
because all of its components are identified.

We have now shown that 0 = r? — 47 + 1 where v is identified. This quadratic has

solutions
1 1

1
r=-y+4+=y7?—4 and r=
21 T VT Lyl /A7—1

so one of these must be the true value of r. Given r, we can then solve for by by
by = e/’ (r(1—=7)"3 Recall that r = po/p;. By symmetry of the set up of the
problem, if we exchanged by with b; and exchanged py with p; everywhere, all of the
above equations would still hold. It follows that one of the above two values of r must
equal pg/p1, and the other equals p; /py. The former when substituted into es (r (1 — r))
will yield b3 and the latter must by symmetry yield b3. Without loss of generality
imposing the constraint that by < 0 < by, shows that the correct solution for r will be
the one that satisfies ez (r (1 —r)) < 0, and so r and by is identified. The remainder of
the distribution of V' is then given by py = r/(1+r), pr =1/ (1 +7r), and by = —byr.
Finally, given that the distributions of ¢ and of V' are identified, the distribution of U

is identified by a deconvolution, in particular we have that the characteristic function of
U is identified by E (e”U> = E (') /E (e”v).

PROOF of Corollary 1: Y = h 4+ V 4 U and independence of U and V implies that
Elexp (7 (Y = h))] = Elexp (V)] E [exp (7U)]

Now E [exp (V)] = pexp (1by) + (1 — p) exp (7b1). Define a, = F (eTU). By symmetry
of U,a, =F (e‘TU) also. It follows from these equation that

Elexp (1 (Y = h))] = (pexp(rby) + (1 —p)exp (1h1)) ar
Elexp (=7 (Y = h))] = (pexp(=7bo) + (1 —p)exp (—7by)) s

which with by = bop/ (p — 1) gives equations (21) and (22).

PROOF of Theorem 2: By the probability mass function of the V' distribution,
F.(e) =(1—=p) Fy (e —by)+pFy (e — by). Evaluating this expression at € = u+ by gives

F.(u+b)=(1—p) Fy(u) + pFy (u+ by — by) (24)
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and evaluating at € = —u+bg gives I, (—u + by) = (1 — p) Fyy (—u — by + by) +pFy (—u).
Apply symmetry of U which implies Fyy (u) = 1 — Fyy (—u) to this last equation to obtain

F.(—u+by) =(1—=p)[1 = Fy(U+b—bo)] +p[l — Fy(u)] (25)

Equations (24) and (25) are two equations in the two unknowns Fy (U + by — by) and
Fy (U). Solving for Fy (U) gives Fyy (U) = ¥ (U) with ¥ (U) given by equation (11).
It follows from symmetry of U that Fyy (U) must also equal 1 — W (—U), which gives
equation (12).

PROOF of Corollary 2: First identify h (z) by h(z) = E(Y | X = x),since E(Y —h(X) | X =z) =
E(V+U|X=2)=FE((V+U)=0. Next define ¢ =Y — h(X) and then the rest of
the proof is identical to the proof of Theorem 1.

PROOF of Corollary 3: Define h(z) = E(Y | X) and ¢ =Y — h(X). Then h (z)
and the distribution of ¢ conditional upon X is identified and E (¢ | X) = 0. Define
V = g(X,D*) — h(X) and let by(X) = g(X,d) — h(X) for d =0,1. Thene =V 4+ U,
where V' (given X) has the distribution with support equal to the two values by(X) and
b1(X) with probabilities p(X) and 1 — p(X), respectively. Also U and ¢ have mean zero
given X so E(V | X) = 0. Applying Theorem 1 separately for each value = that X can
take on shows that by(z), b1 (z) and p (x) are identified for each x in the support of X
and it follows that the function g(x,d) is identified by g(x,d) = by(z) + h (z). Applying
Theorem 1 separately for each value X can take on also directly provides identification
of p(X) and the conditional distribution of U given X.

13 Appendix B: Asymptotic Theory

Most of the estimators in the paper are either standard GMM or well known variants of
GMM. However, we here briefly summarize the application of the local GMM estimator
of Lewbel (2008) to estimation based on Corollary 3, which as described in the text
reduces to estimation based on equation (23). To motivate this estimator, which is
closely related to Gozalo and Linton (2000), first consider the case where all the elements
of X are discrete, or more specifically, the case where X has one or more mass points and
we only wish to estimate ¢(z) at those points. Let go(z) denote the true value of ¢(x),

and let 0,0 = qo(x). If the distribution of X has a mass point with positive probability
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at x, then
G (02, Y)I(X = z)]

E[I(X = z)]
so equation (23) holds if and only if E[G(0,0,Y)I(X = z)] = 0. It therefore follows that
under standard regularity conditions we may estimate 0,0 = go(z) using the ordinary
GMM estimator

ElG(0.,Y) | X = 2] = 2]

0, =argminy G0, YV I(X; =)0, S G0, Y.)I(X; =z 26
gmi ; (02, Y3)'I( ) ; (02, Y3)'1( ) (26)

for some sequence of positive definite €2,,. If €2, is a consistent estimator of €,y =

E[G(0.0,Y)G(040,Y)' I(X = x)]7!, then standard efficient GMM gives

Vil — 0,0) =% N (o, [E <8G(9m,§€)§(x = w)) 0 F (aa(emo, ge)j(x - a:))] 1)

Now assume that X is continuously distributed. Then the local GMM estimator
consists of applying equation (26) by replacing the average over just observations X; = x

with local averaging over observations X; in the neighborhood of z.

Assumption Bl. Let X;,Y;, ¢ = 1,...,n, be an independently, identically distributed
random sample of observations of the random vectors X, Y. The d vector X is con-
tinuously distributed with density function f(X). For given point = in the interior of
supp(X) having f(z) > 0 and a given vector valued function G(q,y) where G(q(x),y) is
twice differentiable in the vector ¢(x) for all ¢(x) in some compact set O(z), there exists
a unique go(z) € O(x) such that E[G(qo(z),Y) | X = z] = 0. Let Q,, be a finite positive

definite matrix for all n, as is € = plim,_.{,.

Assumption Bl lists the required moment condition structure and identification for
the estimator. Corollary 1 in the paper provides the conditions required for Assumption
B1, in particular uniqueness of go(z). Assumption B2 below provides conditions required

for local averaging. Define e[q(z),Y], ¥(x), and ¥(z) by

elg(x),Y] = Glg(x),Y)f(z) - E[G(q(x),Y) F(X) | X = a]
S(z) = Ele(qo(@),Y)e(q),Y)" | X =]

aG[QO(x)ay] —
E(%W X | X = )

40



Assumption B2. Let 1 be some constant greater than 2. Let K be a nonnegative sym-
metric kernel function satisfying [ K(u)du = 1 and [ ||K (u)||"du is finite. For all ¢(x) €
0(x), BllIG(a(@), V) FX)|" | X = ], S(2), ©(x), and Var{[9G(g(x), Y)/0a(x)]f(X) |
X = z] are finite and continuous at = and F[G(q(x),Y ) f(X) | X = 2] is finite and twice

continuously differentiable at x.

Define

Sulaw) = 5 3 Glate), vk (F5)

where b = b(n) is a bandwidth parameter. The proposed local GMM estimator is

Gl) =arg inf Sn(q(2))" 2 Sn(g(x)) (27)

The scaling of the kernal estimator S, (q(z)) by b? is convenient for deriving the properties
of the estimator, but is numerically unnecessary because omitting it leaves the minimized

value ¢(z) unchanged.

THEOREM 3 (Lewbel 2008): Given Assumptions Bl and B2, if the bandwidth b
satisfies nb?* — 0 and nb? — oo, then g(x) is a consistent estimator of go(x) with

limiting distribution

(nb)2[G(x)—qo(2)] = N |0, (¥ (2)7QU(z)) " U (2)TQ8(2) QU (z) (¥(2) " QT (z / K (u)?du]

Applying the standard two step GMM procedure, we may first estimate ¢(z) =
arg infy)eo@) Sn(q(x))"S,(g(x)), then let Q,, be the inverse of the sample variance of
Sn(q(x)) to get Q = X(z)~!, making

(nb)2[3(2) — qo(x)] —>dN[O,(\I! Frow() ™ [ K du}

where W(x) can be estimated using




At the expense of some additional notation, the two estimators (26) and (27) can be
combined to handle X containing both discrete and continuous elements, by replacing
the kernel function in S,, with the product of a kernel over the continuous elements and

an indicator function for the discrete elements, as in Li and Racine (2003).
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1 Introduction

Consider an observed binary regressor D and an unobserved binary variable D*, both of which affect some
other variable Y. This paper considers nonparametric identification and estimation of the effect of D on
Y, conditioning on a value of the unobserved D* (and possibly on a set of other observed covariates X).
Formally, what is identified is the function R(D, X) defined by

R(D,X)=E(Y | D* =0, D, X).

This can then be used to evaluate

and r = E[r(X)], which are respectively, the conditional and unconditional effects of D on Y, holding D*
fixed. When D* is observed, identification and estimation of R is trivial. Here we obtain identification and
provide estimators when D* is unobserved.

Assuming E(Y | D*, D, X) exists, define a model H and an error # by

Y=EY|D",D,X)+n=H(D",D,X)+n (1

where the function H is unknown and the error # is mean zero and uncorrelated with D, D*, and X. Then,
since D and D* are binary, we may without loss of generality rewrite this model in terms of the unknown

R, r, and an unknown function s as
Y = R(D, X) +s(D, X)D* +n 2)

or equivalently
Y = R(0,X)+r(X)D +s(D, X)D* + 3. 3)

This paper provides conditions that are sufficient to point identify the unknown functions R and r, even
though D* is unobserved. We also show set (interval) identification under weaker assumptions.

For a specific example, suppose for a sample of individuals the observed D is one if an individual
claims or is reported to have some college education (and zero otherwise), and the unobserved D* is one
if the individual actually has some college experience. Let Y be the individual’s wage rate. Then r is the
difference in average wages Y between those who claim to have a degree when they actually do not, versus
those who honestly report not having a college degree. This paper provides nonparametric identification



and associated estimators of the function ». We empirically apply these methods to estimate this average
difference in outcomes between truth tellers and liars, when the truth D* is not observed. Notice that we
are not focusing on the effects of misreporting on estimates of returns to schooling, as in, e.g., Ashenfelter
and Krueger (1994), but rather on the direct effects of misreporting on wages.

Only responses and not intent can be observed, so we cannot distinguish between intentional lying and
false beliefs about D*. For example, suppose D* as an actual treatment and D is a perceived treatment (i.e.,
D 1is the treatment an individual thinks he received, and so is a false belief rather than an intentional lie).
Then 7 is the average placebo effect, that is, the average difference in outcomes between those who were
untreated but believe they received treatment versus those who correctly perceive that they were untreated.
This paper then provides identification and an estimator for this placebo effect when the econometrician
does not observe who actually received treatment.

Given a Rubin (1974) type unconfoundedness assumption, » will equal the average placebo effect, or
the average returns to lying (which could be positive or negative). Unconfoundedness may be a reasonable
assumption in the placebo example, but is less likely to hold when lying is intentional. Without uncon-
foundedness, the difference » in outcomes Y that this paper identifies could be due in part to unobserved
differences between truth tellers and liars. For example, » could be positive even if lying itself has no direct
effect on wages, if those who misreport their education level are on average more aggressive in pursuing
their goals than others, or if some of them have spent enough time and effort studying (more on average
than other nongraduates) to rationalize claiming that they have college experience. Alternatively » could be
negative even if the returns to lying itself is zero, if the liars are more likely to arouse suspicion, or if there
exist other negative character flaws that correlate with misreporting. Even with unconfoundedness, » might
not equal the true returns to lying if Y is self reported data and the propensity to misreport D* is correlated
with misreporting Y, e.g., individuals who lie about their education level may also lie about their income.

Given that unconfoundedness may often be implausible in this context, we will call » the "effects of
lying," and use the phrase "returns to lying" only when unconfoundedness is assumed.

The interpretation of  as a placebo effect or as effects or returns to lying also assumes that D* and D
are respectively the true and reported values of the same variable. This paper’s identification and associated
estimator does not require D and D* to be related in this way (they can be completely different binary
variables), however, for the purposes of interpreting the required assumptions and associated results, we
will throughout this paper refer to D as the reported value of a true D*.

Discreteness of D and D* is also not essential for this paper’s identification method, but it does simplify



the associated estimators and limiting distribution theory. In particular, if we more generally have a reported
Z and an unobserved Z*, we could apply this paper’s identification method for any particular values z and
z* of interest by letting D* = [(Z* # z) and D = I(Z # z), where [ is the indicator function. Then
D = 1 when D* = 0 means lying by claiming a value z when the truth is not z. Although our identification
theory still holds in that case, having D or D* be zero could then be zero probability events, resulting in
estimation problems analogous to weak instruments which we do not address here.

When D is a possibly mismeasured or misclassified observation of D*, then D — D* is the measurement
or misclassification error. Virtually all of the literature on mismeasured binary regressors (which goes back
at least as far as Aigner 1973) that attempts to estimate or bound the effect of D* on Y (a treatment effect)
assumes 7 (X) = 0, or equivalently, that any misclassification or measurement errors have no effect on the
outcome Y after conditioning on the true D*. Examples include Ashenfelter and Krueger (1994), Kane and
Rouse (1995), Card (1996), Bollinger (1996), Hotz, Mullin, and Sanders (1997), Klepper, (1988), Manski
(1990), Hu (2006), Mahajan (2006), Lewbel (2007a), Chen, Hu, and Lewbel (2008a, 2008b), and Molinari
(2008). The same is true for general endogenous binary regressor estimators when they are interpreted
as arising from mismeasurement. See, e.g., Das (2004), Blundell and Powell (2004), Newey and Powell
(2003), and Florens and Malavolti (2003). The assumption that 7 (X) = 0 may be reasonable if the reporting
errors D — D* are due to data collection errors such as accidently checking the wrong box on a survey
form. Having r(X) = 0 would also hold if the outcome Y could not be affected by the individual’s beliefs
or reports regarding D, e.g., if D* were an indicator of whether the individual owns stock and Y is the
return on his investment, then that return will only depend on the assets he actually owns and not on his
beliefs or self reports about what he owns. Still, there are many applications where it is not reasonable to
assume a priori that 7 (X) is zero, so even when r (.X) is not of direct interest, it may be useful to apply this
paper’s methods to test if it is zero, which would then permit the application of the existing mismeasured or
misclassified binary regressor estimators that require that  (X) = 0.

We propose two different methods of obtaining nonparametric identification without observing D*. One
is by observing a variable J that has some special properties, analogous to an instrument. The second way
we obtain identification is through restrictions on the first three moments of the model error #. Identification
using an instrument V requires V' to have some of the properties of a repeated measurement. In particular,
Kane and Rouse (1995) and Kane, Rouse, and Staiger (1999) obtain data on both self reports of educational
attainment D, and on transcript reports. They provide evidence that this transcript data (like the self reports

D) may contain considerable reporting errors on questions like, "Do you have some years of college?"



These transcript reports therefore cannot be taken to equal D*, but we show these transcripts may satisfy
the conditions we require for use as an instrument V.

The alternative method we propose for identification does not require an instrument V', but is instead
based primarily on assuming that the first three moments of the model error # are independent of the
covariates. For example, if # is normal, as might hold by Gibrat’s (1931) law for Y being log wages, and
homoskedastic, then 7 will satisfy this assumption. This second method of identification is similar to Chen,
Hu, and Lewbel (2008a, 2008b), though (as we will show later) those papers could not be used to identify
the effects of lying in our context without additional information.

The next two sections describe identification with and without an instrument. We then propose estima-
tors based on each of these methods of identification, and provide an empirical application estimating the
effects on wages of lying about educational attainment.

2 Identification Using an Instrument

ASSUMPTION A1l: The variable Y, the binary variable D, and a (possibly empty) vector of other
covariates X are all observable. The binary variable D* is unobserved. E(Y | D*, D, X) exists. The
functions H, R, r, s and the variable n are defined by equations (1), (2) and (3).

ASSUMPTION A2: A variable V is observed with

E@V|D,X)=0, 4)
E(V|D,D*=1,X)=E(V|D*=1,X), (5)
EVID=1,X)#EWV]|X). (6)

Equation (4) says that the instrument V' is uncorrelated with the model error # for any value of the
observable regressors D and X. A sufficient condition for equation (4) to holdisif £ (Y | D*, D, X, V) =
E (Y | D*, D, X). This is a standard property for an instrument. The following very simple Lemmas are
useful for interpreting and applying the other equations that comprise Assumption A2:

LEMMA 1: Assume E (D | D* =1, X) # 0. Equation (5) holds if and only if



Cov (D,V|D*=1,X)=0 (7)

LEMMA 2: Assume E (D | X) # 0. Equation (6) holds if and only if

Cov (D, V | X) #0. (8)

Proofs of Lemmas and Theorems are in the Appendix. As shown by Lemmas 1 and 2, equations (5)
and (6) say that D and V' are correlated, but at least for D* = 1, this relationship only occurs through D*.
Equation (5) means that when D* = 1, the variable D has no additional power to explain V' given X. If
V' 1s a second mismeasurement of D*, then (5) or its equivalent (7) is implied by a standard assumption
of repeated measurements, namely, that the error in the measurement D be unrelated to the error in the
measurement J', while equation (6) can be expected to hold because both measurements are correlated
with the true D*. Equation (6) is close to a standard instrument assumption, if we are thinking of V" as an
instrument for D (since we are trying to identify the effect of D on Y). Note that equation (6) or Lemma 2
can be easily tested, since they only depend on observables.

To facilitate interpretation of the identifying assumptions, we discuss them in the context of the example
in which Y is a wage, D* is the true indicator of whether an individual has some college experience, D is
the individual’s self report of college experience, and V is transcript reports of educational attainment,
which are an alternative mismeasure of D*. Let X denote a vector of other observable covariates we may
be interested in that can affect either wages, schooling, and/or lying, so X could include observed attributes
of the individual and of her job.

In the college and wages example, equation (4) will hold if wages depend on both actual and self
reported education, i.e., D* and D, but not on the transcript reports V. This should hold if employers rely
on resumes and worker’s actual knowledge and abilities, but don’t see college transcripts. Equation (5)
or equivalently (7) makes sense, in that errors in college transcripts depend on the actual D*, but not on
what individuals later self report. However, this assumption could be violated if individuals see their own
transcripts and base their decision to lie in part on what the transcripts say. Finally, (6) is likely to hold
assuming transcripts and self reports are accurate enough on average to both be positively correlated with
the truth.

Define the function g (X) by

gX)=E(V|D"=1X).
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THEOREM 1: If Assumptions A1 and A2 hold then R(D, X) satisfies

R(D, X) = 9
(00 E0/ 1D, X) —g(X) )
and 7 (X) = R(1, X) — R(0, X) satisfies
cov (Y,V | D=0,X) coo (Y,V|D=1X)
=FXY|D=1,X)—EX | D=0, — .
r(X) (Y| X) (Y | X)+g(X)—E(V|D:O,X) g(D—E(VIDZI,()I())

We now consider set identification of 7 (X) based on equation (10), and then follow that with additional
assumptions that suffice for point identification of R(D, X), and hence of  (X), based on equation (9).

2.1 Set Identification Bounds Using an Instrument

ASSUMPTION A3: Assume that0 < E(V | D=0,X) <E(V |D=1,X) < g(X)

Assumption A3 is a very mild set of inequalities. Having the support of /' be nonnegative suffices to
make the expectations in Assumption A3 nonnegative. £ (V' | D =0, X) < E(V | D =1, X) essentially
means that self reports are positively correlated with the instrument, which should hold since both would
typically be positively correlated with the truth. In the college example, this inequality is equivalent to
Pr(V=1|D=0,X) <Pr(V =1]| D=1, X), meaning that people reporting going to college are more
likely to have a transcript that says they went to college than people who report not going to college. Given
equation (7), violation of this inequality would require a relatively large fraction of people to reverse lie,
that is, claim to not have college when they have in fact gone to college.

Define 6* (X) by

FX)=gX)—EW|D=12LX)
So the last inequality in Assumption A3 is 6* (X) > 0. When V' is a mismeasure of D*, having 6* (X) > 0O is
equivalentto Pr(V=1| D =1,X) < Pr(V =1 | D* =1, X), which basically says that the instrument
is closer to the truth than to the self report. This holds if a transcript is more likely to say you went to



college when you are in the set of people that actually did go to college than when you are in the set of
people that claimed to have been to college. It can also be readily shown that this last equality holds if
Pe(V=1|D=1,D"=1,X) >Pr(V=1| D=1, D* =0, X), which means that among people who
claim college, those who actually went to college have a higher chance of their transcript saying they went
to college than those that who’s claims to college are misreports. As with some earlier assumptions, this
assumption in any of its forms will hold if people’s decision to lie, or accidental misreporting, is unrelated

to transcript errors.

COROLLARY 1.: Let Assumptions A1, A2, and A3 hold. Then r(X) lies in an identified interval that is
bounded from below if cov (Y, V | D = 0, X) > 0 and bounded from above if cov (Y, V | D =0, X) < 0.
If there exists an identified positive 6 (X) such that 6 (X) < 6" (X) then r(X) lies in an identified bounded

interval.

Corollary 1 provides bounds on r (X) whether an identified J (X) exists or not, but the bounds are
improved given a J (X). For an example of a J (X), suppose that E (V' | D* =1, X) = E(V | D* = 1),
that is, the probability that a school produces the transcript error V' = O when D* = 1 is unrelated to an
individual’s observed attributes X, e.g., this would hold if all college graduates are equally likely to have the
school lose their file or otherwise mistakenly report that they are not graduates. Then g(X) is independent
of X,andd (X) =sup, E(V | D=1,X =x)—E (V| D =1, X) which may be strictly positive for many
values of X.

Corollary 1 follows immediately from inspection of equation (10), as does the construction of bounds
for 7(X). All of the terms on the right of equation (10) are moments of observable data, and hence are
identified, except for g (X). By Assumption A3, a lower bound on g (X) is £ (V' | D = 1, X). An upper
bound of g (X) is sup [supp (V)], since g (X) is an expectation of V" and so cannot exceed the largest value
J' can take on. Note that when V' is a mismeasure of D* as in the college example, this upper bound of
g (X) is one. From Assumptions A1 and A2, all of the expectations and covariances on the right of equation
(10) exist. The function g(x) appears only in the denominators of the last two terms in equation (10). By
Assumption A3, the third term in equation (10) lies in the interval bounded by the two points

cov (Y, V| D=0,X) coo(Y,V|D=0X)

and
EV|D=1,X)—E(V|D=0,X) sup [supp (V)] —E(V | D=0, X)

Both of which are finite. Similarly, the last term in equation (10) lies in the interval bounded by the two



points

coo (Y, V|D=1X) d cov (Y, V|D=1,X)
0* (X) an sup [Supp(V)]—E(Vl D=1,X)
The second of these points is finite. Given only assumptions Al, A2, and A3, 0* (X) < 0 so the first of
the above points can be infinite. Whether it is plus or minus infinity, and hence whether we only have a
lower or upper bound for » (X), depends on the sign of cov (¥, V' | D =1, X). If we have a ¢ (X) with
0 < 0(X) < J* (X), then we instead obtain the finite bound cov (Y, V | D =1, X) /o (X).

To construct the identified interval that contains » (X)), we must consider four cases corresponding to
the four possible pairs of signs that cov (Y, V' | D =0, X) and cov (Y, V' | D = 1, X) can take on. Note
that the denominators of the last two terms in equation (10) are positive. If cov (Y, V | D =0, X) and
cov (Y, V| D =1, X) have opposite signs, then » (X) is strictly increasing or decreasing in g (X), so the
interval that 7 (X) can lie in is bounded by equation (10) evaluated at the lowest and highest values g (X) can
take on, the highest being sup [supp (V)] and lowest either E (V' | D =1, X)or E(V | D =1, X) +J (X)
if a 0 (X) is known. If cov (Y, V | D =0, X) and cov (Y, V' | D = 1, X) have the same signs, then these
could still be bounds on 7 (X), but it is also possible in that case that » (X) either first increases and then
decreases in g (X) or vice versa, in which case the point where the derivative of  (X) with respect to g (X)
equals zero may also be a bound.

Although Assumption A3 is already rather weak, one could similarly obtain a looser bound by replacing
it with the weaker assumption that 0 < E(V | D*=0,X) < E(V | D* =1, X). This is little more
than the assumption that transcripts be right more often than they are wrong, that is, people with college
education will have a higher probability of transcripts reporting college education than those without college

education.

2.2 Point Identification Using an Instrument

We now consider additional assumptions that permit point identification of 7 (X).
COROLLARY 2: Let Assumptions A1 and A2 hold. Assume the function g (X) is knownand E (V' | D, X) #
g (X). Then R(D, X) is identified by

EXY(V-gX)|D,X)
E(V -gX)|D,X)

R(D, X) = (11)



Identification of » (X) is then given by r (X) = R(1, X) — R(0, X). Corollary 2 follows immediately
from Theorem 1 by substituting g (X) for £ (V | D* = 1, X) in equation (9), and observing that all the
other terms in equation (9) are expectations of observables, conditioned on other observables, and hence
are themselves identified. One way Corollary 2 might hold is if a form of validation data exists. For
example if D and D* refer to graduating from college, then g (X) could be obtained from a survey of
transcripts just of people known to have graduated college. A special case of this assumption holding is if
V' is a mismeasure of D*, as when V' is the transcript report, and g (X) = 1, that is, if transcript errors of
the form V' = 0 when D* = 1 are ruled out.

Another example or variant of Corollary 2 is the following.
ASSUMPTION A3: There exists an x1 such that
EV|ID*=1,X)=E(V|X=x) (12)

and
EWV|ID,X)#EV|X=x) (13)

Equation (12) assumes that V" has the same mean for people who have X = x as for people that have
D* = 1 and any value of X. One set of sufficient (but stronger than necessary) conditions for equation
(12)toholdisif E(V | D* =1,X =x1) = E(V | D* = 1), so for people having college (D* = 1), the
probability of a transcript error is unrelated to one’s personal attribute information X, and if

Pr(D*=1|X=x) =1, (14)

so people who have X = x| are an observable subpopulation that definitely have some college. In our
application, we use Corollary 3 below for identification and we take this subpopulation x; to be individuals
with very high test scores and self reported advanced degrees. Note that if equation (14) holds then equation
(12) would only be violated if colleges systematically made more or fewer errors when producing transcripts
for individuals with attributes X = x; than for students with other attribute values.

Equation (13) is a technicality that, analogous to the assumption that £ (V' | D, X) # g (X) in Corollary
2, will avoid division by zero in Corollary 3 below. It is difficult to see why it should not hold in general,
and it is empirically testable since it depends only on observables. However, if both equations (12) and (14)
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hold then equation (13) will not hold for X = x;. This means that R(D, x1) cannot be identified in this
case, though we still identify R(D, X) for X # x;. This is logical because if all individuals having X = x;
have D* = 1 by equation (14), then none of them can be lying when reporting D = 1.

COROLLARY 3: If Assumptions A1, A2, and A3 hold then R(D, X) is identified by

EXYV|D,X)—E({ |D,X)E(V | X =x1)
EWV|D,X)—EWV|X=x) '

R(D,X) = (15)

Corollary 3 follows Theorem 1, by substituting equation (12) into equation (9) to obtain equation (15),
and equation (13) makes the denominator in equation (15) be nonzero.

Given identification of R(D, X) by Corollary 2 or 3, the effects of lying r(X) is also identified by
r(X)=R(1,X)— R(0, X).

Although rather more difficult to interpret and satisfy than the assumptions in Corollaries 2 and 3, yet
another alternative set of identifying assumptions is equations (4), (6) and Cov (D*, V' | D, X) = 0, which
by equation (3) implies Coo (Y, V' | X) =r(X)Coov (D, V' | D, X) which can then be solved for, and hence
identifies, r (X).

3 Identification Without an Instrument

We now consider identification based on restrictions on moments of # rather than on the presence of an
instrument. In particular, we will assume that the second and third moments of # do not depend on D*, D,
and X. The method of identification here is similar to that of Chen, Hu, and Lewbel (2008b), though that
paper imposes the usual measurement error assumption that the outcome Y is conditionally independent
of the mismeasure D, conditioning on the true D*, or equivalently, it assumes that »(X) = 0. One could
modify Chen, Hu, and Lewbel (2008b) to identify our effects of lying model in part by including D in the
list of regressors and treating our V' from the previous section as the observed mismeasure of D*. However,
in that case one would need both an instrument J” with certain properties and restrictions on higher moments

of #, while in the present paper these are alternative methods of identification.

ASSUMPTION B2:
E(n|D*,D,X) =0, (16)

11



E(4*|D*,D,X)=E (4) fork=2,3, (17)

there exists an xq such that
Pr(D=0|D*=1,X=x9) =0 and Pr(D=0]|X =x) >0, (18)

and
E(Y|D*=1,D,X)>E (Y| D*=0,D,X) (19)

Equation (16) can be assumed to hold without loss of generality by definition of the model error 7.
Equation (17) says that the second and third moments of the model error # do not depend on D*, D, X, and
so would hold under the common modeling assumption that the error # in a wage equation is independent
of the regressors.

Equation (18) implies that people, or at least those in some subpopulation {X = x¢}, will not underreport
and claim to not have been to college if they in fact have been to college. At least in terms of wages, this is
plausible in that it is hard to see why someone would lie to an employer by claiming to have less education
or training than he or she really possesses.

Finally, equation (19) implies that the impact of D* on Y conditional on D and X is known to be
positive. This makes sense when Y is wages and D™ is the true education level, since ceteris paribus, higher
education on average should result in higher wages on average.

Define

chpx(D,X) = E (YD, X) —[E(YID, O,

a0, %) = E(IY = EID, )P D, X),

a(D,X) = oyp x(D,X)—0o%p x0,x0),
B(D,X) = vyp x(D,X) = vyp (0, x0) + 2E (Y|D, X) a(D, X),
y(D,X) = a(D,X)*+[E(Y|D, X)) a(D,X)— E (Y|D, X) (D, X).

THEOREM 2: Suppose that Assumptions A1 and B2 hold and that o.(D, X) # 0 for (D, X) # (0, x¢).
Then, R(D, X) and s(D, X) are identified as follows:
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i) if (D, X)=(0,xo), then R(D, X) = E (Y|D, X);
i) if (D, X) # (0, xq), then

R(D. x) = P LX) = VD X)° + 4a(D. X)y (D. X)
2a(D, X)
and

a(D, X)

s X) = 1D, %) = R(D. %)

+ E(Y|D, X) — R(D, X).

As before given R(D, X) we may identify the effects of lying »(X) using r(x) = R(1, X) — R(0, X).
Identification of s (D, X) in Theorem 2 means that the entire conditional mean function A in equation 1 is
identified.

Some intuition for this identification comes from observing that, conditional on X, the number of equal-
ity constraints imposed by the assumptions equal the number of unknowns. One of these equations is a
quadratic, and the inequality (19) is only needed to identify which of the two roots is correct. Based on
this intuition, identification based on alternative equality restrictions should be possible, e.g., in place of
equation (18) one could consider the constraint that the third moment £ (;13) equal zero. Also, dropping
inequality assumptions like (19) will result in set rather than point identification, where the sets are finite

and consist of only two or three possible values.

4 Unconfoundedness

By construction the function » (X) is the difference in the conditional mean of ¥ (conditioning on D, X, and
on D* = 0) when D changes from zero to one. Assuming D is the reported response and D* is the truth,
here we formally provide the unconfoundedness condition required to have this 7 (X) equal the returns to
lying. Consider the weak version of the Rubin (1974) or Rosenbaum and Rubin (1984) unconfoundedness
assumption given by equation (20), interpreting D as a treatment. Letting Y (d) denote what Y equals given
the response D = d, if

E[Y(d)| D,D*=0,X]=E[Y(d) | D* =0, X] (20)

then it follows immediately from applying, e.g., Heckman, Ichimura, and Todd (1998), that E[Y (1) — Y (0) |
D* = 0, X] = r(X) is the conditional average effect of D, and so is the conditional on X average returns
to lying.

13



5 Estimation Using an Instrument

We now provide estimators of R(D, X) and hence of 7 (X) following from Corollary 2 or 3 of Theorem 1.
We first describe nonparametric estimators that are based on ordinary sample averages, which can be used if
X 1is discrete. We then discuss kernel based nonparametric estimation, and finally we provide a simple least
squares based semiparametric estimator that does not require any kernels, bandwidths, or other smoothers

regardless of whether X contains continuous or discrete elements.

5.1 Nonparametric, Discrete X Estimation

Note that while identification only requires Assumption A3 to hold for a single value of X, that is, x, it
may be the case that this assumption is known to hold for a range of values of x;. We may then replace
E (V| X = x1) with the expected value of V' conditional on X equalling any value in this range. This
may then improve the accuracy with which we can estimate this conditional expectation. In particular if
X has any continuous components then £ (¥ | X = x;) for a single value of x; is conditioning on a zero
probability event, the estimate of which will converge at a slower rate than conditioning on a range of values
X that has nonzero probability. Therefore, define U; to be a dummy variable such that

U; = I (X; € {x1: Assumption A3 is known to hold}), (21)

where 7 (.) is the indicator function. In other words, let U; equal one if equations (12) and (13) are as-
sumed to hold when replacing x; in those equations with X; , otherwise let U; equal zero. It then follows
immediately from Corollary 3 that equation (15) holds replacing £ (V' | X = x1) with E (V' | U = 1), so

EXYV|D,X)—E({X|D,X)E(WV |U=1)

R(D, X) = EVID,X)—E(V|U=1) ' 22)

We first consider estimation in the simple case where X is discrete. Replacing the expectations in
equation (22) with sample averages in this case gives the estimators

R(d,x) = PLVXd T IV GAl o R(1, x) — R(0, x). (23)

Ky xd — Hx,dH
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with

R 1 < R 1 <

Ayyxa = — D YiVid(X;=x,Di=d), Qyyq=- ) Yil(X;=x,Di=d),
= i

l n 1 n

a = - > VilXi=x,Di=d), flxqs=- > 1(X;i=x,D;=d),

vy n;< i =d), T n;( i =d)

_ 1< - 1< -~
Hyu = ;ZViUia ,UU:;ZU;‘, w=yu/ly
i=1 i=1

Estimation based on equation (11) is the same replacing 7 with g(X) in equation (23)
One may also consider the unconditional mean wages R; = E [R (d, X)] and unconditional average
effects of lying » = E [r (X)], which may be estimated by

Ri=—2> R, Xp), 7=-23F(X). (24)
i=1 i=1

Assuming independent, identically distributed draws of {Y;, V;, X;, D;, U;}, and existence of relevant
variances, it follows immediately from the Lindeberg-Levy central limit theorem and the delta method
that R (d,x), 7(x), k\d, and 7 are root n consistent and asymptotically normal, with variance formulas as
provided in the appendix, or that can be obtained by an ordinary bootstrap. Analogous limiting distribution
results will hold with heteroskedastic or dependent data generating processes, as long as a central limit
theorem still applies.

5.2 General Nonparametric Estimation

Letting u = E (V' | U = 1), equation (22) can be rewritten as
R~ EX 0 = 1D, X]
E[(V —u) | D, X]
Equation (11) can also be written in the form of equation (25) by replacing x with g (X).
Assume 7 independent, identically distributed draws of {Y;, V;, X;, D;, U;}. Let X; = (Z;, C;) where
Z and C are, respectively, the vectors of discretely and continuously distributed elements of X. Similarly

(25)

let x = (z,¢). Let & = @y /1y if estimation is based on equation (22), otherwise replace z with g (x).
Using equation (25), a kernel based estimator for R(D, X) is
LY (Vi — ) K[(Ci = ¢)/b]I(Z; = 2)I(D; = d)

R = o 0 =) KI(C, = /b1 (Zs = )1(Ds = d)

(26)
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where K is a kernel function and b is a bandwidth that goes to zero as n goes to infinity. Equation (26)
is numerically identical to the ratio of two ordinary nonparametric Nadaraya-Watson kernel regressions of
Y (V —u)and V —u on X, D, which under standard conditions are consistent and asymptotically normal.
These will have the same slower than root n rate of convergence as regressions that use a known u in
place of the estimator u, because an estimated u converges at the rate root n by the law of large numbers.
Alternatively, equation (25) can be rewritten as the conditional moment

E[Y =RD, X)(V—-w)|D,X]=0 27)

which may be estimated using, e.g., the functional GMM estimator of Ai and Chen (2003), or by Lewbel’s
(2007b) local GMM estimator , with limiting distributions as provided by those references.

Given R (d, x) from equation (26) we may as before construct 7(x) = R (1,x) — R (0, x), and un-
conditional estimates k\d and 7 by equation (24). We also construct trimmed unconditional effects 7, =
% Zl’.’zl 7(X;)1;; and similarly for ﬁdt, where /;; is a trimming parameter that equals one for most observa-
tions i, but equals zero for tail observations. Assuming regularity conditions such as Newey (1994) these
trimmed unconditional effects are root n consistent and asymptotically normal estimates of the trimmed
means 7; and R;.

5.3 Simple Semiparametric Estimation

Assume we have a parameterization R(D, X, ) for the function R(D, X) with a vector of parameters 6.
The function s (D, X) and the distribution of the model error # are not parameterized. Then based on the
definition of x and equation (27),  and u could be jointly estimated based on Corollary 3 by applying
GMM to the moments

E[(V —up)U]l=0 (28)

Ely (D, X)(Y = R(D,X,0))(V —w)] =0 (29)

for a chosen vector of functions y (D, X). For estimation based on Corollary 2, the estimator would just
use the moments given by equation (29) replacing u with g (X).

Let W = (1, D, X’)/. If R has the linear specification R(D, X, 0) = W'0 then let w (D, X) = W to
yield moments E [W (Y — W'0) (V — u)] = 0,500 = E[(V — ) WW/]_I E[(V — ) WY]. This then
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yields a weighted linear least squares regression estimator

n -1 n
0= {;(Vi—ﬁ)mwz} {;(Vi—ﬁ)m} (30)

based on Corollary 3, or the same expression replacing u with g (X;) based on Corollary 2. Given 0 we
then have R (D, X) = W'0. In this semiparametric specification r(x) is a constant with 7(x) =7 = 0.,
the first element of @. Note that both GMM based on equation (29) and the special case of weighted linear
regression based on equation (30) do not require any kernels, bandwidths, or other smoothers for their

implementation.

6 Estimation Without an Instrument

We now consider estimation based on Theorem 2. As in the previous section, let K be a kernel function, b be
a bandwidth, and X; = (Z;, C;) where Z and C are, respectively, the vectors of discretely and continuously
distributed elements of X. Also let x = (z, ¢). For k = 1, 2, 3, define

S/ YFKI(Cr = ¢)/bl (Zi = 2)I(D; = d)

E(Y\ID=d,X=x) =
( | > X) Z?Z]K[(Ci =c)/blI(Z; =2)I(D; =4d)

€1y

This is a standard Nadayara-Watson Kernel regression combining discrete and continuous data, which pro-

vides a uniformly consistent estimator of £ (Yk| D=d, X= x) under standard conditions. Define
oypxd,x) = E(YID=d, X=x)—-[E(X|D=d,X=x)],

Dypxd,x) = f([Y—E(Y|D =d, x=x)’|D :d,X:x),

ad,x) = yp.x(d,x) =57 p x(0,x0),
B(d,x) = Dy pxd.x) =03} p x(0,x0) +2E (Y|D =d, X =x)a(d, x),

7d.x) = ad,x)*+[E¥|D=d,X=x)]"ad.x)—E(Y|D=d, X =x)Bd,x).

Based on Theorem 2 and uniform consistency of the kernel regressions, a consistent estimator of R(d, x) is
then
R(0,x0) = E (Y|D =0, X = x),
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p(d,x) — VB(d, x)* +4a(d, x)7 d, %)
20(d, x)
As before, every conditional expectation above that conditions on X = x( can be replaced by an expec-

R(d,x) =

for (d,x) # (0, xg).

tation conditional on X equalling any value x having the property that the assumptions of Theorem 2 hold
replacing xo with that value x.

If X does not contain any continuously distributed elements, then these estimators are smooth functions
of cell means, and so are root n consistent and asymptotically normal by the Lindeberg Levy central limit
theorem and the delta method. Given R (d, x) from equation (26) we may as before construct 7(x) =
R (1,x) — R (0, x), and unconditional effects ﬁd and 7 by equation (24). Also as before, root n consistent,
asymptotically normal convergence of trimmed means of ﬁd and 7 is possible using regularity conditions

as in Newey (1994) for two step plug in estimators.

7 Effects of Misreporting College Attainment

Here we report results of empirically implementing our estimators of 7 (x) where D is self reports of school-
ing and Y is log wages. In this context, our effects of lying estimates should be interpreted only as the
difference in means between accurate reporters and misreporters of college for a limited sample, rather than
as actual returns to lying about schooling, for many reasons. First, our conditional mean estimates cannot
control for the selection effects that are at the heart of the modern literature on wages and schooling going
back at least to Heckman (1979). Similarly, unconfoundedness with respect to lying based on equation
(20) may not hold. Also, people who misreport college may similarly misreport their wages. Our results
may also differ from actual returns to lying by the fact that both the risks and the returns to misreporting
on a survey are lower than for lying on a job application, though presumably the cost of potentially being
caught in a lie in any context provides some incentive to report the same education level on a survey as was

reported to one’s employer. Finally, our sample may not be representative of the general population.

7.1 Preliminary Data Analysis

Kane, Rouse, and Staiger (1999) estimate a model of wages as a function of having either some college, an
associate degree or higher, or a bachelors degree or higher. Their model also includes other covariates, and

they use data on both self reports and transcript reports of education level. Their data is from the National
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Longitudinal Study of High School Class of 1972 (NLS-72) and a Post-secondary Education Transcript
Survey (PETS). We use their data set of n = 5912 observations to estimate the effects of lying, defining ¥
to be log wage in 1986, D to be one if an individual self reports having "some college" and zero otherwise,
while V' is one for a transcript report of having "some college" and zero otherwise (both before 1979). We
also provide estimates where D and V" are self and transcript reports of having an associate degree or more,
and reports of having a bachelor’s degree or more. We take X to be the same set of other regressors Kane,
Rouse, and Staiger (1999) used, which are a 1972 standardized test score and zero-one dummy variables
for female, black nonhispanic, hispanic, and other nonhispanic.

The means of D and V' (which equal the fractions of our sample that report having that level of college
or higher) are 0.6739 and 0.6539 for "some college," 0.4322 and 0.3884 respectively for "Associate degree,"
and 0.3557 and 0.3383 for "Bachelors degree." The average log wage Y is 2.228.

Table 1: Effects of Lying and Schooling Treating Transcripts as True

Some college Associate degree | Bachelor’s degree
r if V=D* 0.1266 (0.03129) | 0.2322 (0.02748 ) | 0.1948 ( 0.04451)
rif V=D*, linear | 0.07868 ( 0.02864 ) | 0.1681 ( 0.02777 ) | 0.1269 ( 0.04082 )
s if V=D* 0.2831 (0.01366) | 0.2958 (0.01288) | 0.3181 ( 0.01280)
E(DV) 0.6204 0.3794 0.3325
E[D(1-V)] 0.05345 0.05277 0.02317
E[(1-D)V] 0.03349 0.008965 0.005751
E[(1-D)(1-V)] 0.2926 0.5589 0.6385

Standard Errors are in Parentheses

If D* were observed along with Y and D, then the functions 7 (x) and s (d, x) could be immediately
estimated from equation (3). Table 1 provides preliminary estimates of » and s based on this equation, under
the assumption that transcripts have no errors. The row "r if V=D*" in Table 1 is the sample estimates of
EXY|V =0,D=1)—E{|V =0,D = 0), which would equal an estimate of »r = E [r (X)] if V = D*,
that is, if the transcripts V* were always correct. The row, "r if V=D, linear" is the coefficient of D in a
linear regression of ¥ on D, V', and X, and so is another estimate of » that would be valid if if ' = D* and
given a linear model for log wages.
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The third row of Table 1 is the sample analog of E(Y |V = 1) — E(Y|V = 0), which if V' = D* would
be an estimate of the effects of schooling s = E [s (D, X)] (that is, the difference in conditional means of
log wages between those with D* = 1, versus those with D* = 0, which equals returns to schooling if the
effects of schooling satisfy an unconfoundedness condition). In this and all other tables, standard errors are
obtained by 400 bootstrap replications, and are given in parentheses.

Table 1 also shows the fraction of truth tellers and liars, if the transcripts V were always correct. The
rows labeled E(DV) and E[(1-D)(1-V)] give the fraction of observations where self and transcript reports
agree that the individual respectively either has or does not have the given level of college. The row labeled
E[D(1-V)] gives the fraction of relevant liars if the transcripts are correct, that is, it is the fraction who claim
to have the given level of college, D = 1, while their transcripts say they do not, ¥ = 0. This fraction is a
little over 5% of the sample for some college or Associate degree, but only about half that amount appear
to misreport having a Bachelor’s degree.

If V" has no errors, then Table 1 indicates a small amount of lying in the opposite direction, given by the
row labeled E[(1-D)V]. These are people who self report having less education than is indicated by their
transcripts, ranging from a little over half a percent of the sample regarding college degrees to almost 3% for
"some college." It is difficult to see a motive for lying in this direction, which suggests ordinary reporting
errors in self reports, transcript reports, or both.

Prior to estimating 7 (x), we examined equation (6) of Assumption A2, which is testable. A sufficient
condition for equation (6) to hold is that E(V|D = 1) — E(V) # 0. In our data the t-statistic for the null
hypothesis E(V|D = 1) = E(V) is over 40 for each of the three levels of schooling considered, which

strongly supports this assumption.

7.2 Instrumental Variable Based Estimates

We now report instrumental variable based estimates, specifically, Table 2 summarizes estimates of »(x)
based on Corollary 3. We define U in equation (21) to equal one for individual’s that both self report
having a masters degree or a PhD and are in the top decile of the standardized test scores. We are therefore
assuming that Assumption A3 holds for xo equal to any X that includes these attributes of a self reported
advanced degree and a high test score.

In our data the mean of U is 0.03468, so about 3.5% of our sample have both very high test scores and
self report an advance degree. We could have based U on transcript reports of a graduate degree instead, but

then by construction we would have 7y, = 1. In our data, 7ty is .971 for a Bachelor’s degree, .981 for
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an Associate degree, and 1.000 for some college. Nonparametric estimates of 7(x) = R (1,x)— R (0, x) are
obtained with R (d, x) given by equation (26) with these estimates of 7i )|/, and where the variable C in X is
the test score, while Z is the vector of other elements of X. The first row of Table 2 contains r, the sample
average of 7(X), while the second row has the estimated trimmed mean r,, which is the sample average
of 7(X) after removing the highest 5% and lowest 5% of 7(X) in the sample. Next are the lower quartile,
middle quartile (median) and upper quartile 741, 7seq, and r43, of 7(X) in the sample. The final row, "r semi,
linear" is a semiparametric estimate of 7 using equation (30). Standard errors, reported in parentheses, are
based on 400 bootstrap replications. One set of sufficient regularity conditions for bootstrapping here is
Theorem B in Chen, Linton, and Van Keilegom (2003).

Table 2: Effects of Lying, Nonparametric and Semiparametric Corollary 2 IV Estimates
Some college

Associate degree Bachelor’s degree

r nonparametric

0.07052 ( 0.03420)

0.1696 ( 0.3335)

0.1250 (1.918)

I; nonparametric

0.07355 ( 0.03166)

0.1796 ( 0.04158 )

0.07109 ( 0.1217 )

Iy1 nonparametrlc

-0.05768 ( 0.04930 )

0.09099 ( 0.06185 )

-0.1654 (0.1841)

T'meq NONparametric

0.06447 ( 0.03663 )

0.1287 ( 0.04903 )

0.06696 ( 0.1003 )

Iy3 nonparametric

0.1421 ( 0.03903 )

0.3214 ( 0.05156 )

0.3002 ( 0.1596)

r semi, linear

0.08008 ( 0.02940 )

0.1610 ( 0.03362 )

0.05613 ( 1.138)

For the nonparametric estimates, the kernel function X is a standard normal density function, with band-
width b = 0.1836 given by Silverman’s rule. Doubling or halving this bandwidth changed most estimates
by less than 10%, indicating that the results were generally not sensitive to bandwidth choice. An exception
is that mean and trimmed mean estimates for the Bachelor’s degree, which are small in Table 2, become
larger (closer to the median r estimate) when the bandwidth is doubled. The results for the bachelor’s de-
gree are also much less precisely estimated than for some college or associate degree, with generally more
than twice as large standard errors. Based on Table 1, we might expect that far fewer individuals misreport
having a bachelor’s degree, so the resulting imprecision in the Bachelor’s degree estimates could be due to
a much smaller fraction of data points that are informative about misreporting.

The nonparametric mean and median estimates of 7 are significant in Table 2, except for the Bachelor’s
degree. Overall, these results indicate that those who misreport by claiming to have have some college

have about 6% to 8% higher wages than those who tell the truth about not having any college on average,
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and those who misreport by claiming to have an associate degree have about 13% to 18% higher wages.
The point estimates for lying about having a Bachelor’s degree are lower, but they also have much larger
standard errors. The variability in these estimated effects is quite large, ranging from a zero or negative
effect at the first quartile to effects of 14% for some college to 32% for a degree at the third quartile. The
semiparametric estimates of 7 are similar to the mean of the nonparametric estimates, though the variation in
the quantiles of the nonparametric estimates suggests that the semiparametric specification, which assumes
r is constant, is not likely to hold.

If transcripts V' are very accurate, then V' should be close to D*, and the estimates of » in Table 1
should be close to those in Table 2. The linear model estimates in Table 1 are close to the semiparametric
linear model estimates in Table 2 (for some college and associate degrees), however, the nonparametric
estimates of 7 in Table 1 are much larger than the mean and median nonparametric estimates in Table 2.
In linear models measurement error generally causes attenuation bias, but in contrast here the potentially
mismeasured data estimates appear too large rather than too small. This could be due to nonlinearity, or
because the potentially mismeasured variable V' is highly correlated with another regressor, D.

We should expect that the effects of lying would be smaller than the returns to actually having some
college or a degree. These effects of actual schooling are not identified from the assumptions in Corollary
2 or 3. Table 1 gives estimates of the effects of schooling s ranging from 28% for some college to 32%
for a bachelor’s degree, though these estimates are only reliable if transcripts 7 are accurate. These are
indeed higher than the effects of lying, as one would expect. Also, while we would expect the effects of
schooling to increase monotonically with the level of schooling, we do not necessarily expect the effects of
lying to increase in the same way, because those effects depend on other factors like the plausibility of the
misreport.

Kane, Rouse, and Staiger (1999) report some substantial error rates in transcripts, however, those find-
ings are based on model estimates that could be faulty, rather than any type of direct verification. It is
possible that transcripts are generally accurate, and in that case the ability of our estimator to produce rea-
sonable estimates of » would not be impressive, since one could then just as easily generate good estimates
of  using regressions or cell means as in Table 1. Therefore, to check the robustness of our methodology,
we reestimated the model after randomly changing 20% of the observations of V' to 1 — V', thereby artifi-
cially making ¥ a much weaker instrument. The resulting estimates of the mean and trimmed mean of r
were generally higher than those reported in Tables 1 and 2 (consistent with our earlier result that, in our

application, measurement error in J seems to raise rather than lower estimates of the effects of lying). As
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with the other estimates, the numbers for bachelor’s degrees are unstable with very large standard errors.
However, the estimates of the median of » with this noisy V' data are very close to the median estimates in
table 2 (though of course with larger standard errors) for some college and associate degree. Specifically,
the 7,04 estimates with substantial measurement error added to V were 0.070, 0.133, and 0.190, compared
to the 7,04 estimates in Table 2 0f 0.064, 0.129, and 0.067.

Table 3: Nonparametric Corollary 3 IV Effects of Lying Linearized Coefficient Estimates
X Some college Associate degree | Bachelor’s degree
blacknh | -0.09208 (0.1246) -0.2429 (2.674) | -0.3735 (2.288)
hispanic | 0.01220 (0.1289) -0.1529 (1.627) | -0.1541 (1.588)
othernh | 0.2176 (0.1304) 0.1444 (1.265) 0.5398 (4.763)
female | 0.09291 (0.06570) | 0.2306 (0.5377) | 0.2876 (3.370)
mscore | -0.009755 (0.03807) | 0.03345 (0.3496) | -0.09489 (2.471)
constant | 0.02449 (0.04635) | 0.07127 (0.2840) | 0.01803 (2.900)

To summarize how 7(x) varies with regressors x, Table 3 reports the estimated coefficients from linearly
regressing the nonparametric estimates 7(x) on x and on a constant. The results show a few interesting
patterns, including that women appear to have a larger effect of (possibly indicating higher returns to) lying
than men, and that individuals with above average high school test scores also have above average effects
of misreporting a higher degree of education. These results are consistent with the notion that the effects
of lying should be highest for those who can lie most plausibly (e.g., those with high ability) or for those
who may be perceived as less likely to lie (such as women). However, these results should not be over
interpreted, since they are mostly not statistically significant.

8 Alternative Estimates Without IV

To check the robustness of our results to alternative identifying assumptions, in Table 4 we report the
effects of lying using the estimator based on Theorem 2, which does not use data on the instrument V.
These estimates are based only on self reports, and so do not use the transcript data in any way. For these

estimates we assume equation (18) holds for xo equal to any value of X, which implies the assumption that
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that no one understates their education level by reporting D = 0 when D* = 1 (and hence that transcripts
are wrong for the few observations in the data that have D =0 and V' = 1).

Table 4: Effects of Lying, Nonparametric and Semiparametric Theorem 2 Estimates Without IV

Some college

Associate degree

Bachelor’s degree

r nonparametric

-0.4127 (28.66)

0.1917 (2.915)

0.1247 (18.27)

I; nonparametric

0.05064 ( 0.1402 )

0.1684 (0.1738)

0.09186 ( 0.2489 )

Iy1 nonparametric

-0.05096 ( 0.1446 )

-0.1065 ( 0.2406 )

-0.5425 (0.3659)

Tmeqd NONparametric

0.1179 (0.06115)

0.1495 (0.06191)

0.1958 ( 0.05549 )

Iy3 nonparametric

0.2570 ( 0.1019)

0.2813 (0.1428)

0.3308 ( 0.2038 )

As should be expected, the estimates in Table 4 are mostly less precise than those in Table 2, in part
because they do not exploit any transcript information, and they assume no heteroskedasticity in the model
error 77, which may not hold in this application. They are also more variable in part because they depend
on higher moments of the data, and so will be more sensitive to outliers in the first stage nonparametric
estimates. Still, the estimates in Table 4 are generally consistent with those in Table 2, and in particular
almost all of the differences between Tables 2 and 4 are not statistically significant. Given the substantial
differences in estimators and identifying assumptions between Corollary 3 and Theorem 2, it is reassuring
that the resulting estimates are robust across the two methodologies.

In the Appendix we report the estimates of £ [ R(d, X)] corresponding to Tables 2 and 4. As one would
expect, these are generally more stable than the estimates of £ [r(X)] reported in Tables 2 and 4, since r (X)
is a difference R(1, X) — R(0, X) rather than a level R(d, X).

9 Conclusions

We provide identification and associated estimators for the conditional mean of an outcome Y, conditioned
upon an observed discrete variable D and an unobserved discrete variable D*. In particular, we identify
the effects of lying, that is, the average difference in the mean level of ¥ between individuals having the
unobserved D* = 0 and those having D* = 1 when the observed D = 0. Given an unconfoundedness
assumption this difference in conditional means equals either the returns to lying (if misreports of D are
intentional) or a placebo effect.
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In our empirical application, Y is log wages, while D and D* are self reports and actual levels of
educational attainment. We find that wages are on average about 6% to 12% higher for those who lie about
having some college, and from 8% to 20% higher on average for those who lie about having a college
degree, relative to those who tell the truth about not having college or a diploma. Median and trimmed
mean estimates appear to be more reliable and robust than estimates of raw mean returns and returns at
other quantiles. Our results are about the same based on either semiparametric or nonparametric estimation,
and are roughly comparable whether identification and associated estimation is based on using transcript
reports as an instrument, or is based on higher moment error independence assumptions without exploiting
transcript data. Our results are also robust to artificially adding a great deal of noise to the instrument.

The plausibility of our particular identifying assumptions may be debated, but we believe much of
the value of this paper is in demonstrating that these effects of misreporting can be identified at all, and
we expect future research will yield alternative assumptions that may be better suited to this and other
applications. It would be particularly useful in the future to investigate how these results may be extended
to handle confounding correlations with the unobserved treatment D*, to obtain returns to lying without
unconfoundedness assumptions.

In this application D and D* refer to the same binary event (educational attainment), with D a self
report of D*. However, our theorems do require having D and D* refer to the same binary event. More
generally, one could estimate the average effect of any binary treatment or choice D (e.g., exposure to
a law, a tax, or an advertisement) on any outcome Y (e.g., compliance with a law, income, expenditures
on a product) where the effect is averaged only over some subpopulation of interest indexed by D* (e.g.,
potential criminals, the poor, or a target audience of potential buyers), and where we do not observe exactly
who is in the subpopulation of interest. Our identification strategy may thereby be relevant to a wide variety
of applications, not just effects of lying.
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10 Appendix
Proof of Lemmas 1 and 2: Consider Lemma 2 first:

Coo(D,V|X) = EDV|X)—EMD|X)EV |X)
— E[DE(V|D,X)| X]—ED|X)E(V|X)
Pr(D=1|X)E(V |D=1X)—ED|X)EV|X)
— EDIXN[EWVID=1,X)—EV|X)]

so Cov (D, V' | X) # 0 if and only if the right side of the above expression is nonzero. The proof of Lemma
1 works exactly the same way.

Proof of Theorem 1:
First observe that

1
E(D'V|D,X) = ZPr(D*:d*|D,X)E(D*V|D*:d*,D,X)
d*=0
= Pr(D*=1|D,X)E(V|D*=1,D,X)

= E(D*|D,X)E(V|D*=1,X)
and using this result we have

EQXYV|D,X) = R(D,X)E(V|D,X)+s(D,X)E[D*V |D,X|+E @V |D,X)
= R(D,X)E(V|D,X)+s(D,X)E(D*|D,X)E(V|D"*=1,X).

Also
E(Y|D,X)=R(D,X)+s(D,X)E [D*|D, X|

Use the latter equation to substitute s(D, X)E [D*lD, X ] out of the former equation, and solve what re-
mains for R(D, X) to obtain equation (9). Equation (10) then follows immediately from equation (9) using
r(X) = R(1, X) — R(0, X) and the properties of a covariance.

Proof of Theorem 2: Begin with equation (2), Y = R(D, X) + s(D, X)D* 4+ n with R(D, X) =

26



R(X) + r(X)D. Assumption B2 implies that
tyipx = EX|D,X) (32)

= E((R(D,X)+s(D,X)D*)|D, X)
= R(D,X)+s(D,X)E (D*|D, X),

wppx = E (YD, X) (33)
- E ((R(D, X) +s(D, X)D* + )" |D, X)
_ E ((R(D, X)+s(D, X)D*)*|D, X) + Ep?
= R(D, X)* +2R(D, X)s(D, X)E (D*|D, X) + s(D, X)*E (D*|D, X) + En*
= R(D,X)*+2R(D, X) (uy;p.x — R(D, X)) +s(D, X) (uy)p,x — R(D, X)) + Enf’
= uypxR(D, X)+ (R(D, X) +s(D, X)) (ty|p.x — R(D, X)) + En’,

and

tyspx = E (Y?’lD, X) (34)
- E ((R(D, X) +s(D, X)D* + 1)’ |D, X)
- E [(R(D, X)+s(D, X)D*)*|D, X] +3E[(R(D, X) +s(D, X)D*) |D, X] En* + Eo’
= R(D,X)’+3R(D, X)*s(D, X)E (D*|D, X)
+3R(D, X)s(D, X)*E (D*|D, X) +s(D, X)’E (D*|D, X)
+3u Y|D,XE’72 +En.
We now show that assumption B2 implies the identification of £ (nk) for k = 2, 3. This assumption
implies that
E (D*ID =0, X = xo)
= Pr(D*=1|D=0,X =x)

Pr(D* = 11X = xo)
Pr(D = 0]X = xo)

= Pr(D=0|D"=1,X = x)
= 0,
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and therefore,

luY|0,X() = FE (YlD = 0, X = XO)
= R(0,x0) +5(0,x0)E (D*|D =0, X = x0)
= R(0, xp),

tys, = E (YD =0,X=x)
= R(0,x0)* +2R(D, X)s(D, X)E (D*|D = 0, X = xo)
+s(D, X)’E (D*|D =0, X =xo) + En*
= R(0,x0)* + En’
= ﬂ%qo,xo +En,
and
s, = E (V1D =0,X=x)
= R(0,x0)* +3uyjo En* + En’
= ﬂ?qo,xo + 34 y10,x (ﬂY2|0,x0 - ﬂ2Y|o,x0) +En’.
Therefore, we have
Ept = Hy2(0,x0 — ﬂ2Y|0,x0
= O-%’|0,xo’

and

3 3
Er = uy3jox t20710.00 = 34710,504¥210,x0
3
_ E ((Y — tyi0) 1D =0, X = xo)

3
UY10,x0°

In the next step, we eliminate s(D, X) and E (D*|D, X) in equations 32-34 to obtain a restriction only

containing R(D, X) and known variables. We will use the following two equations repeatedly.
(R(D, X) +s(D, X)) (ty)p.x — R(D, X)) = py2p.x — En* = tyyp xR(D, X) (35)

28



s(D, X)E (D*|D, X) = pyp.x — R(D, X) (36)

Notice that 5 5
Hy2p,x — Hy|p,x ~ P¥0,x
Uyp.x — R(D, X)

which also implies that we can’t identify 5 (0, xo) because uy|p—g , = R(0, x0).

s(D, X) =

+ uyp.x — R(D, X)

From here on we will for clarity drop the term (D, X) when it is obvious from context. Consider

Uyypx = E (Y3|D,X)

- E ((R(D, X) +s(D, X)D* + )’ |D, X)

= E((R+sD")’ 1D, X) +3E (R+5D") D, X) En* + E (1)

= R(D,X)*+3R(D, X)*s(D, X)E (D*|D, X)
+3R(D, X)s(D, X)*E (D*|D, X) +s(D, X)*E (D*|D, X)
+3[R(D, X) +s(D, X)E (D*|D, X)]| En* + Enf°

= R*+3R? (ﬂ Y|D,X — R) + 3Rs (ﬂ Y|D,X — R) + 52 (ﬂ Y|D,X — R) +3u Y|D,XE’72 + En

= R*+3R? (tyipx —R) +2Rs (uyjp.x — R) +s(R+s) (uyp.x — R) + 3#Y|D,XE’72 + En

= R’+3R’ (#Y|D,X — R) +2Rs (ﬂ Y|D,X — R) +s (ﬂy2|D,X —En* — ,UY|D,XR)
+3ﬂY|D,XE772 + En?

Which, with a little algebra can be written as
Uyyp.x = R (:“Y2|D,X - E’72) + (R +5) (ﬂY2|D,X — En* - ﬂY|D,XR) +3uypxEn* + En

typ.x — En* — uyip xR
(MY|D,X - R)

= R (ﬂ Y2|D.X — E’72) + (ﬂy2|D,X —En — ﬂY|D,XR)
2 3
+3/uY|D,XE77 +E7’] .
That is
2 2 2
0 = (ﬂY2|D,X —En — ﬂY|D,XR) + (ﬂY2|D,X — En ) (typx — R) R

- (ﬂY3|D,X — (3:“Y|D,XE772 + E’73)) (tyip.x — R).
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The restrictions on R simplify to the quadratic equation

—aR?>+BR+y =0,

where
“« =~ (/‘%’ID,X - (ﬂY2|D,X - Eﬁz)) ;
p = (— ('LthlDbX_Enz)ﬂle,X+ﬂY3|D,X_(3/‘Y|D,XE}’]2+E;/]3)),
2 2 ) 3
y = (,UY2|D,X_E7] ) - ('uY3|D,X_ (3IuY|D,XE77 —|—E;7 )) Uy|D x-

Notice that

2 _ 2
Oy|p,x = #y21D,.x — HY|D,X>

3 _ 3
viox = E((Y = unp)’ 1D, X)
3
= Uy3p,x + 204y p.x — 3My|D,xHy|D,x-

We then simplify the expressions of a, /5, and y as follows:

2 2
a = = (ﬂY|D,X - (#Y2|D,X — En ))

_ 2 2
= (‘7 YID,.x — O YIO,xo) ’

B = (— (,UY2|D,X - Eﬂz) Hyip,x + 1y3p,x — <3ﬂ yip.xEn* + E’73))
= (ﬂY3|D,X —2u Y|D,XE’72 - E’?3 - ﬂY|D,X#Y2|D,X)
U§/|D,X - 2/‘%/|D,X + 3y, xty2p.x — 21 Y|D,XE’72 —En’ - “y|D,xHY2|D, X
= D%’lD,X —Ep’ - 21“%’|D,X —2uypxEN* 4 21y b x iy p.x
= U§/|D,X —Enp — 2ﬂ§/|D,X - 2#1/|D,XE’12 +2uyip,x (0'%’|D,X + ﬂ%/u),x)
= U§/|D,X — En’ +2pu YID.X (02Y|D,X - Enz)
= OYipx ~ V¥io + 280X (02Y|D,X - O-%’|0,xo)

3 3
= Vyip,x ~ Vyjox T 2uy\p,x,
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2
2 2 3
y = (NY2|D,X —En ) - (:“Y3|D,X - (3IL‘Y|D,XE’7 + En )) H“y|D,x
2 2 2\? 2 3
= (0Y|D,X +uypx — En ) - (ﬂY3|D,X — <3ﬂY|D,XE’7 + En )) HY|D,x
2
4 2 2 2 2 2
= Uypx+24ypx (‘7 yip.x — En ) + (UY|D,X —En )
2 2 3
—Uy3p,xHyp,x + 30y p xEN” + typ,xEn
4 2 2 2 2)? 2 2 3
= Uypx+ 24y pxoypxt+ (0" yip.x — En ) — Uysip,xty\p.x + Uyip xEn" + typ xEn
2
4 2 2 2 2
= MUypx +2Uypx0ypxt+ (U yip.x — En )
3 3 2 2 3
- (’)Y|D,X —2uy\p.x +3Uyp,xH Y2|D,X) “yip,x + Uyip.xEn” + typ xEn
2
4 2 2 2 2
= Uyp.x +24ypxOypxt+ (‘7 yip.x — En )

4 2 2 2 3 3
+2uyp x — 3y p xMy2p,.x + Ly D xEN + tyip,x (E’7 - UY|D,X)

2
4 2 2 2 2
= Uyppx 24y pxypxt+ (0 yip.x — En )
4 2 2 2 2 2 33
+2uy\p.x = 3UyD.x (0 YID.x T NY|D,X) + uyipxEn” + uyip.x (E’7 - UY|D,X)
2
2 2 2 2 2 3 3
= (0Y|D,X —En ) — Uy|D.x (UY|D,X —En ) — Uy|D,x (UY|D,X —En )

2
_ 2 2 2 2 2 3 3
= (‘7 Y|D,X — GYlO,xo) — HKy|D,x (‘7 YID,.X — UY|0,x0) — Uy|D,x (UY|D,X - 0Y|0,x0)
2 2
= " — pypx® — yp,x (B —2uyp,x)
2 2
= a”+ uyp.x® — ty|p,xP-

In summary, we have
—aR*+pR+y =0

_ 2 2
& = O0y|p,x ~0Y|0,x
3 3
VYID.x — V¥j0.x, T 2UY|D X

2 2
y = a +#Y|D,X0‘_ﬂY|D,Xﬂ

_ BB tday B VPt
20 20 '

That means

R
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In fact, we may show that equations 36 and 35 implies

a >0
Consider
Uy2px — ﬂ2y|D,X —En?
= + uyp.x — R
“yip,x — R
a
= ——+uypx—R
Uyp,x — R
and
— R
E (D*|D,X) — Hyipx —
s
2
(typ.x — R)

(yip.x — R)2 +a

Therefore, 0 < E (D*|D, X) < 1 implies that o > 0.

The last step is to eliminate one of the two roots to achieve point identification. Notice that
E (Y|D*,D,X) = R(D, X) + s(D, X)D".

Assumption B2 implies that
s(D, X) > 0.

Consider

tyip,x = R+sE(D*|D,X)
= R[1-E(D*ID,X)]+ (R+s)E (D*|D, X).

Therefore, 0 < E (D*|D, X) < 1 and s(D, X) > 0 imply
R < pypx <s+R,
Thus, we may identify R as the smaller root if xy|p_y is between the two roots. , i.e.,
_aﬂ%qp,)( + Buyipx+7v =0,
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which holds because

—aﬂ2Y|D,X + Buyip.x+7
= —auyypx+Blypx+a + uypxa — typ xPh
= o > 0.
Therefore, we have
R(D. Xy =P~ ”§z+4w.
Notice that R equals the larger root if s (D, X) < 0. The function s(D, X) then follows.

Discrete Limiting Distributions for equation (15). Let

—~ ~ ~ —~ —~ —~ —~ —~ ~ —~ o \T
a(x) = (ﬂY,V,X,laﬂY,V,X,oaﬂY,X,laﬂY,X,oaﬂV,X,l,ﬂV,X,o,ﬂX,laﬂX,oaﬂVU,ﬂU) )

ag = Efaix)],
~d ~1—d -~ ~d  sl=d |~
_ (luY,V,X,lluY,V,X,O) My — (IUY,X,lluY,X,O) Hyu
Rid,a(x)) = d 1—d d ~1-d ’
(/‘ v, x, 114 V,X,O) Ky — (/‘X,lﬂ)(,o) Hyu
7(x) = R(1,a(x)) — R(0,3a(x)),

0 -
y = ER(d,ao+l(a—060))

t=0
= Gd,a)" @—ay)),

V(@) =nx E[@—ag) @—ag)].
Assuming independent, identically distributed draws and existence of ¥ (a(x)), by the Lindeberg-Levy

central limit theorem and the delta method

Vi [R(d,x) - R(d,x)] — 94N (0,Qg)
Qr = G(d, ax)" V (@x)) G (d,ax))

and

i) —r(x)] = ‘N0,Q)
Q. = [G(,a0(x)) = G(0,a0x)]" V @x)I[G (1, a¢(x)) — G (0, ag(x))].
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Table 5: R(0,X), Nonparametric and Semiparametric Corollary 3 IV Estimates

Some college

Associate degree

Bachelor’s degree

RO nonparametric

2.072 (0.01514)

2.125 (0.009665 )

2.143 (0.007997 )

RO; nonparametric

2.065 (0.01536)

2.125(0.01016)

2.144 (0.008579 )

RO, nonparametric

1.863 (0.02520 )

1.939 (0.01940 )

1.975 (0.01834 )

RO,,0¢ nonparametric | 2.003 (0.03859 ) | 2.089 (0.03225) | 2.143 ( 0.02788)
RO, 3 nonparametric | 2.309 (0.02681 ) | 2.326 (0.01763) | 2.319 (0.01665 )
RO semi, linear 2.025 (0.01174) | 2.094 (0.008754 ) | 2.114 (0.007451)

Table 6: R(1,X), Nonparametric and Semiparametric Corollary 3 IV Estimates

Some college

Associate degree

Bachelor’s degree

R1 nonparametric

2.142 (0.03011)

2.295(0.3326)

2.268 (1.918)

R1; nonparametric

2.152 (0.02986 )

2.319(0.04103 )

2.223(0.1219)

R1,1 nonparametric

1.997 ( 0.04430)

2.181 (0.06094 )

2.092 (0.1694 )

R1,,.4 nonparametric

2.173 (0.04633)

2.380 (0.04084 )

2.189 (0.1026)

R1,3 nonparametric

2.340 ( 0.04635 )

2.449 (0.04508 )

2.397(0.1731)

R1 semi, linear

2.188 (0.02898 )

2.341 (0.03397)

2.267 (1.149)
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Table 7: R(0,X), Nonparametric and Semiparametric Theorem 2 Estimates Without IV

Some college Associate degree | Bachelor’s degree
RO nonparametric 2.078 (0.01383) | 2.126 (0.009571 ) | 2.144 (0.007897 )
RO, nonparametric 2.074 (0.01447 ) | 2.123 (0.01025) | 2.148 (0.008459 )
RO, nonparametric | 1.891 (0.02270) | 1.942 (0.01916) | 1.974 (0.01820 )
RO,,;q nonparametric | 2.022 ( 0.03761 ) | 2.095 ( 0.03227) | 2.146 ( 0.02767 )
RO,3 nonparametric | 2.288 ( 0.02247) | 2.321 (0.01708 ) | 2.324 ( 0.01620)

Table 8: R(1,X), Nonparametric and Semiparametric Theorem 2 Estimates Without IV

Some college Associate degree | Bachelor’s degree
R1 nonparametric 1.666 ( 28.66 ) 2.318 (2.915) 2.269 (18.27)
R1; nonparametric 2.141 (0.1418) |2.310(0.1719) | 2.227(0.2483)
R1,1 nonparametric | 1.832(0.1459) | 2.069 (0.2132) | 1.525(0.3052)
R1,,¢q nonparametric | 2.223 ( 0.07273 ) | 2.247 ( 0.08727 ) | 2.222 ( 0.07330)
R1,3 nonparametric | 2.419 (0.09065) | 2.501 (0.1239) | 2.552(0.2033)
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